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Appendix A

Mathemati
al ba
kground

This �nal 
hapter 
olle
ts various de�nitions and fa
ts used in the book. Part of

the material is in
luded here to help the reader re
all some less 
ommonly used

notions, other issues are mentioned just to �x notation and terminology. Of 
ourse,

not everything 
ould be in
luded, and some 
hoi
e had to be made. For instan
e,

we omitted de�nitions related to Turing Ma
hines, a part of standard 
urri
ulum,

be
ause we only refer to Turing ma
hines on a fairly high level of abstra
tion. On

the other hand, we in
luded Kleene's de�nition of re
ursive fun
tions, as we believe

it may be less familar to many 
omputer s
ien
e students. In general, most of the


ontents of this 
hapter is probably well known to the reader. We re
ommend to


onsult it only in 
ase of doubt, and this is why we pla
ed it at the end.

A.1. Set theory

Our notation is quite standard. For instan
e we write ∪,∩,−,∅ for set-theoreti


union, interse
tion, di�eren
e and empty set, respe
tively. The sum (resp. interse
-

tion) of a family A of sets is written as

⋃

A (resp.

⋂

A), e.g.
⋃

{X,Y } = X ∪ Y .
The symbols ∈ and ⊆ denote set membership and set in
lusion. The powerset of A
(the set of all subsets of A) is denoted by P(A), and we write {a ∈ A | W (a)} for

the set of all elements of A satisfying W (a). Also {a, b, c} is the set of (at most

three) elements a, b and c. Ordered pairs are written as 〈a, b〉 and the Cartesian

produ
t of A and B is A×B. The Cartesian power A× · · · ×A with n 
oordinates

is abbreviated as An
.

We often write ~a to denote a sequen
e of the form a1, . . . , an. The ve
tor nota-

tion and the symbol ∈ are used quite liberally, for instan
e we may write a ∈ ~a when
a is one of a1, . . . , an, or ~a ∈ A when all a1, . . . , an are in A. At various o

asions we
also �nd it 
onvenient to 
onfuse a sequen
e a1, . . . , an with the set {a1, . . . , an}.

We have the following notation for the 
ommonly used sets of numbers: N is

the set of natural numbers, in
luding zero, Q is the set of rationals and R is the set

of reals. We write (a, b) for an open segment of R, i.e. (a, b) = {x ∈ R | a < x < b}.
The set of all words (strings) over an alphabet A is denoted by A∗

.

Relations and fun
tions. Relations are identi�ed with subsets of the appropri-

ate Cartesian produ
ts. For instan
e, a binary relation r on A is a subset of A2
.
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Su
h a relation is:

re�exive i� 〈a, a〉 ∈ r, for all a ∈ A;
symmetri
 i� 〈a, b〉 ∈ r implies 〈b, a〉 ∈ r;

anti-symmetri
 i� 〈a, b〉, 〈b, a〉 ∈ r implies a = b;
transitive i� 〈a, b〉, 〈b, c〉 ∈ r implies 〈a, c〉 ∈ r.

The transitive 
losureof a relation r on A is the smallest (with respe
t to in
lusion)

transitive relation 
ontaining r. Similar terminology applies for other properties of

relations. An equivalen
e relation is one whi
h is re�exive, transitive and symmetri
.

An equivalen
e 
lass of an equivalen
e relation r in A, determined by a ∈ A, is the
set [a]r = {b ∈ A | 〈a, b〉 ∈ r}. Any element of an equivalen
e 
lass 
an be 
alled

a representative of the 
lass. The set of all equivalen
e 
lasses is 
alled the quotient

set and denoted by A/r.

A fun
tion f : A→ B is de�ned as a relation f ⊆ A×B, su
h that for all a ∈ A
there is exa
tly one b ∈ B with 〈a, b〉 ∈ f . The set A is then 
alled the domain of f
and denoted by domf . The range of f is the set rgf = {b ∈ B | ∃a ∈ A(f(a) = b)}. If
f : A→ B and C ⊆ A then the image of C under f is the set f(C) = {f(a) | a ∈ C}.
Iterated 
omposition of a fun
tion f : A→ A with itself is denoted by f i

. A partial

fun
tion from A to B is an arbitrary fun
tion f : A′ → B, where A′ ⊆ A. If A′ = A
we may say that f is total .

We often write f(a 7→ b) for a fun
tion de�ned as follows:

f(a 7→ b)(x) =

{

b, if x = a;
f(x), otherwise.

The notion of a �nite Cartesian produ
t is generalized as follows. Given a family of

sets At for t ∈ T we de�ne Πt∈TAt as the set of all fun
tions f su
h that domf = T
and f(t) ∈ At for all t ∈ T . If all At are equal to some A then Πt∈TAt be
omes

the set of all fun
tions from T to A, often denoted by AT
. Observe that A∅

(whi
h

is identi�ed with A0
) is a one-element set. Thus a nullary fun
tion f : A0 → B is

naturally identi�ed with an element of B (a 
onstant).

As we said, relations are typi
ally understood as sets of pairs. But it is some-

times 
onvenient to identify a relation r with a fun
tion ranging over {0, 1} so that

we may write r(~a) = 1 i� ~a ∈ r. Observe that this interpretation of relations sug-

gests the following identi�
ation: a nullary relation on an arbitrary set is simply

a (
lassi
al) truth value.

Multisets. A fundamental property of sets is extensionality : If sets A and B have

the same elements then they are equal (A and B are names of the same obje
t). But

sometimes it is 
onvenient to 
onsider 
olle
tions where a member 
an o

ur many

times. For this purpose one introdu
es the notion of a multiset , whi
h is like a set

with repetitions of elements. Formally, a multiset of elements of a set Ψ is de�ned

as a fun
tion Γ : Ψ → N. We say that ψ ∈ Ψ is an element of Γ, when Γ(ψ) > 0.
If Γ(ψ) = n then we say that ψ o

urs n times in Γ. The notation ∅, {ψ, ψ}, et
.
applies to multisets with the obvious meaning. The union of two multisets Γ′

and Γ′′

is de�ned by the equation

(Γ′ ⊔ Γ′′)(ψ) = Γ′(ψ) + Γ′′(ψ).

More about multisets 
an be found e.g. in Chapter 2 of [21℄.

Ordered sets. A binary relation ≤ on A is a partial order i� it is transitive,

re�exive and anti-symmetri
. The pair 〈A,≤〉 is then 
alled a partially ordered set .



dr
af

t

A.1. Set theory 363

This terminology is used quite liberally, e.g. one 
an say that A itself is a partially

ordered set or a partial order. A partial order is 
alled total or linear if ea
h two

elements a, b are 
omparable, i.e. either a ≤ b or b ≤ a always holds.

Observe that ea
h family of sets F is partially ordered by in
lusion. We adopt

the 
onvention that whenever we talk about a family of sets, and we mention any

order-related notions (e.g. lower and upper bounds de�ned below) we always mean

the partial order given by set in
lusion.

An element a ∈ A is maximal (resp. minimal) in A i� a ≤ b (resp. a ≥ b)
implies a = b, for all b ∈ A. Observe that the top (resp. bottom) element is always

maximal (resp. minimal), but not 
onversely.

If A is a partial order then a subset B ⊆ A is upward-
losed (resp. downward-


losed) i� a ≥ b ∈ B (resp. a ≤ b ∈ B) implies a ∈ B. An element a of a partially

ordered set A is an upper (resp. lower) bound of B ⊆ A i� a ≥ b (resp. a ≤ b) for
all b ∈ B. We say that a is the supremum of B (and we write a = supAB), when
it is the least upper bound of B, i.e.

• a is an upper bound of B;

• a ≤ b, for any other upper bound b of B.

Observe that there is at most one element satisfying these 
onditions. Dually, we

de�ne the in�mum of a subset B (written infAB) as the greatest lower bound of B.
If A is known from the 
ontext, we may omit the subs
ript A in the notation supAB
and infAB. But in some 
ases the subs
ript is important. Observe for instan
e that

if C ⊆ B ⊆ A then supB C ≥ supA C (assuming both sides exist) but not ne
essarily

supB C = supA C.
The reader 
an easily verify that supA ∅ (resp. infA ∅), if it exists, must be the

bottom (resp. top) element of A. Note also that if A ⊆ P(X) then supP(X) A =
⋃

A
and infP(X) A =

⋂

A.
The following result is often useful, but the proof of it (based on the axiom of


hoi
e, see e.g. [212, 290℄) is highly non-
onstru
tive.

A.1.1. Lemma (Kuratowski, Zorn). Let A be partially ordered. If every 
hain (lin-

early ordered subset) has an upper bound in A then A has a maximal element. ⊓⊔

If A and B are partially ordered then a fun
tion f : A → B is monotone i�

a1 ≤ a2 implies f(a1) ≤ f(a2). The following result is sometimes 
alled Knaster-

Tarski �xed point theorem:

A.1.2. Theorem. Let A be a 
omplete latti
e (all subsets have suprema and in�ma)
and let f : A→ A be monotone. De�ne a0 = inf{a ∈ A | f(a) ≤ a}. Then a0 is the

least �xed point of f . That is, f(a0) = a0 and a0 ≤ b, whenever f(b) = b.

Proof. Let B = {a ∈ A | f(a) ≤ a}. We have f(a0) ≤ f(b) ≤ b, for b ∈ B and

thus f(a0) ≤ a0, i.e. a0 itself is in B. But then f(a0) ∈ B, be
ause of monotoni
ity,

so that also a0 ≤ f(a0). ⊓⊔

A.1.3. Remark. De�ne a1 = inf{a ∈ A | ∀b∈A(b ≤ a → f(b) ≤ a)}, under the
assumptions of Theorem A.1.2. Then a1 = a0, i.e. we have an alternative de�nition

of the least �xed point. Note however that monotoni
ity is essential. For instan
e,

let f : P(N) → P(N) be su
h that f(A) = A ∪ {min(N − A)} for �nite A and

f(A) = A−{minA} for in�nite A. Then a0 = ∅, a1 = N, and f has no �xed point.

But observe that f(a1) ≤ a1 holds for arbitrary f .

Indu
tion. A partially ordered set A is well-founded i� every non-empty subset

of A has a minimal element. Observe that if A and B are well-founded then the
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lexi
ographi
 order on A × B, given by (a, b) ≤ (a′, b′) i� a < a′, or a = a′ and
b ≤ b′, is also well-founded. If A is a well-founded set then properties of elements

of A 
an be proved by indu
tion with respe
t to the ordering.

A.1.4. Lemma (Prin
iple of indu
tion). Let B ⊆ A, where A is a well-founded set.

If ∀a∈A(∀b∈A(b < a→ b ∈ B) → a ∈ B) then B = A.

Proof. Otherwise the set B′ = {a ∈ A | a 6∈ B} has a minimal element a′

satisfying ∀b ∈ A(b < a′ → b ∈ B). ⊓⊔

Many proofs by �stru
tural indu
tion� are based on the prin
iple above. To show

a statement of the form ∀x∈X (Wx) one assigns an element f(x) of a well-founded
set A to every x ∈ X . Then the problem is redu
ed to showing that B = A where

B = {a ∈ A | ∀x∈X(f(x) = a→Wx)}.
In parti
ular it may happen that a set is well-founded be
ause it has been

de�ned by indu
tion. For instan
e, the transitive and re�exive 
losure r∗ of a rela-

tion r is the least set su
h that r ⊆ r∗ and for 〈a, b〉, 〈b, c〉 ∈ r∗ also 〈a, c〉 ∈ r∗. This
indu
es a strati�
ation of r∗ as the union of an in�nite sequen
e of sets: r0 = r,
rn+1 = rn ∪ {〈a, c〉 | 〈a, b〉, 〈b, c〉 ∈ rn}, and we have a well-founded order on r∗:

〈a, b〉 ≤ 〈c, d〉 i� ∀n(〈c, d〉 ∈ rn → 〈a, b〉 ∈ rn).

That is, 〈a, b〉 ≤ 〈c, d〉 holds when 〈a, b〉 falls into the union r∗ at an earlier (or the

same) stage than 〈c, d〉.
The above justi�es a proof method 
alled indu
tion with respe
t to the de�nition

of r∗. To show that a property P (a, b) holds for ea
h pair 〈a, b〉 ∈ r∗ one �rst proves
P (a, b) for all 〈a, b〉 ∈ r and then makes the indu
tion step by showing that P (a, b)
and P (b, c) implies P (a, c). Similar ma
hinery o

urs whenever one talks about

indu
tion with respe
t to various indu
tive de�nitions.

Topologi
al spa
es. A topologi
al spa
e is a pair T = 〈T,O〉, 
onsisting of

a set T together with a family O ⊆ P(T ) of sets, 
alled open sets of T , whi
h
is required to satisfy the following 
onditions:

• ∅, T ∈ O;

• A,B ∈ O implies A ∩B ∈ O;

• R ⊆ O implies

⋃

R ∈ O.

That is, arbitrary unions and �nite interse
tions of open sets must be open. The

interior of a set A ⊆ T , denoted by Int(A) is the largest open set 
ontained in A
(i.e. the union of all open subsets of A). The 
omplement of an open set is 
alled

a 
losed set. The 
losure of A is the smallest 
losed set 
ontaining A. For T = 〈T,O〉
we use the notation O = O(T ), and we often make no distin
tion between T and T .

Many topologi
al spa
es 
an be de�ned using a measure of distan
e between

points. Su
h spa
es are 
alled metri
 spa
es . Examples of metri
 spa
es are the

set Q of rationals, the set R of reals, as well as all Eu
lidean spa
es Rk
. In all these


ases the topology is de�ned a

ording to a 
ommon pattern. Let ̺(a, b) denote

the distan
e between points a and b. A set A is open i� for every a ∈ A there is

an r > 0 with {b | ̺(a, b) < r} ⊆ A. In the spa
e of real numbers, the distan
e

between x and y is |x − y|. We say that a ∈ R is an a

umulation point of A ⊆ R

when a is a limit of a sequen
e xn of elements of A, and all xn are di�erent from a.
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A.2. Algebra and uni�
ation

A signature is a family of fun
tion and relation symbols, ea
h with a �xed ar-

ity (possibly zero). Nullary symbols are 
alled 
onstants . If not stated otherwise,

signatures are assumed to be �nite.

Assume a �xed in�nite set {a0, a1, . . .} of individual variables . An algebrai


term

1

over a signature Σ, or just term, is either an individual variable, or an ex-

pression of the form (ft1 . . . tn), where f is an n-ary fun
tion symbol, and t1, . . . , tn
are terms. We usually omit outermost parentheses when writing terms. The symbol

FV(t) denotes the set of all individual variables o

urring in a term t. A term is


losed i� FV(t) = ∅.

The formal de�nition of an algebrai
 term involves a pre�x appli
ation of fun
-

tion symbols. Of 
ourse, there is a tradition to write some binary fun
tion symbols

in the in�x style, and we normally do it this way. Our most beloved signature is

the one that has the (in�x) arrow as the only symbol. It is not di�
ult to see that

algebrai
 terms over this signature 
an be identi�ed with simple types, or with

impli
ational formulas if you prefer.

In this se
tion we 
onsider only algebrai
 signatures , i.e., signatures without

relation symbols. An algebra over su
h a signature Σ = {f1, . . . , fn}, where the

arity of ea
h fi is ri, is a set A together with fun
tions fA
i : Ari → A, i.e. a system

A = 〈A, fA
1 , . . . , f

A
n 〉. (We often forget about the notational distin
tion between

A and its domain A.) A subset B of A is a subalgebra of A i� B is 
losed under

all operations. That is, whenever

~b ∈ B then also fA
i (~b) ∈ B, for all i = 1, . . . , n

(assuming the appropriate length of

~b ). If 〈A, fA
1 , . . . , f

A
n 〉 and 〈B, fB

1 , . . . , f
B
n 〉 are

two algebras of the same signature then a fun
tion h : A → B satisfying the


ondition h(fA
i (~a)) = fB

i (h(~a)) is a homomorphism. If, in addition, h is a bije
tion,

and the 
onverse fun
tion is also a homomorphism then h is 
alled an isomorphism

and the two algebras are isomorphi
 to ea
h other.

Unifi
ation. A substitution is a fun
tion from variables to terms whi
h is identity

almost everywhere. Su
h a fun
tion S is extended to a fun
tion from terms to terms

by S(ft1 . . . tn) = fS(t1) · · ·S(tn) (i.e. S(f) = f , when f is a 
onstant). In 
ase

S(a) = s and S(b) = b, for all other variables b, one may write t[a := s] for S(t).
If P and R are substitutions then P ◦ R is de�ned by (P ◦ R)(x) = P (R(x)).

A substitution S is an instan
e of another substitution R (written R ≤ S) i�

S = P ◦R, for some substitution P .
An equation is a pair of terms, written �t = u�. A system of equations is a �nite

set of equations. Variables o

urring in a system of equations are 
alled unknowns .

A substitution S is a solution of an equation �t = u� i� S(t) = S(u) (meaning that

S(t) and S(u) is the same term). It is a solution of a system E of equations i� it

is a solution of all equations in E. A solution R of a system E is prin
ipal i� the

following equivalen
e holds for all substitutions S:

S is a solution of E i� R ≤ S.

Thus, for instan
e, the equation f(gab)a = fc(fbb) has a prin
ipal solution S, su
h
that S(a) = fbb, S(b) = b and S(c) = g(fbb)b (and many other solutions too),

while the equation f(gab)h = fc(fbb), where h is a 
onstant, has no solution. This

1

Do not 
onfuse algebrai
 terms with lambda-terms, and do not 
onfuse individual

variables with propositional or lambda-variables.
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is be
ause no substitution 
an turn fbb into h, or vi
e versa. Another example with

no solution is f(gab)a = fa(fbb), but this time the reason is di�erent: if S were

a solution then S(a) would be a proper subterm of itself.

The problem of determining whether a given system of equations has a solution

is 
alled the uni�
ation problem. It is not di�
ult to see that there is no loss of

generality in 
onsidering single equations rather than systems of equations and

just one binary fun
tion symbol rather than arbitrary signatures (Exer
ise 3.7).

The uni�
ation algorithm of Robinson [418℄ 
an be found in various textbooks, for

instan
e [21, 349, 474℄. We have:

A.2.1. Lemma. If a system of equations has a solution then it has a prin
ipal one,

of size at most exponential in the size of the input.

A.3. Partial re
ursive fun
tions

A.3.1. Definition. Let g : Nk → N and h1, . . . , hk : Nm → N be partial fun
tions.

The 
omposition

f(n1, . . . , nm) = g(h1(n1, . . . , nm), . . . , hk(n1, . . . , nm))

is de�ned i�:

• hi(n1, . . . , nm) is de�ned, for all i = 1, . . . , k;

• g(a1, . . . , ak) is de�ned, where ai = hi(n1, . . . , nm), for i = 1, . . . , k.

A.3.2. Definition. Let g : Nm → N and h : Nm+2 → N be partial fun
tions. We

say that a partial fun
tion f : Nm+1 → N is de�ned from g and h by primitive

re
ursion i� for all n, n1, . . . , nm ∈ N,

f(0, n1, . . . , nm) = g(n1, . . . , nm);
f(n+ 1, n1, . . . , nm) = h(f(n, n1, . . . , nm), n, n1, . . . , nm).

The equations above are understood so that the left-hand-side is de�ned if and only

if the right-hand-side is de�ned.

A.3.3. Definition. If g : Nm+1 → N is a partial fun
tion, then the notation

µn[g(n1, . . . , nm, n) = 0] stands for the least number n su
h that

• g(n1, . . . , nm, n) = 0.

• g(n1, . . . , nm, n
′) is de�ned and not equal to 0, for all n′ ∈ {0, . . . , n− 1};

If there is no su
h n then µn[g(n1, . . . , nm, n) = 0] is unde�ned. The partial fun
tion
f : Nm → N given by

f(n1, . . . , nm) = µn[g(n1, . . . , nm, n) = 0]

is said to be de�ned from g by minimization.

The following introdu
es an important sub
lass of re
ursive fun
tions.

A.3.4. Definition. The 
lass of primitive re
ursive fun
tions is the smallest 
lass

of total numeri
 fun
tions 
ontaining the initial fun
tions

(i) proje
tions: pm
i (n1, . . . , nm) = ni for all 1 ≤ i ≤ m;

(ii) su

essor: s(n) = n+ 1;

(iii) zero: z(n) = 0.
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and 
losed under 
omposition and primitive re
ursion. A predi
ate (set) P ⊆ Nk
is

primitive re
ursive i� its 
hara
teristi
 fun
tion is primitive re
ursive.

Most 
omputable fun
tions of everyday use are in fa
t primitive re
ursive.

(An ex
eption is for instan
e the A
kermann fun
tion of Exer
ise 10.5.) In par-

ti
ular, the following bije
tive pairing fun
tion

p(m,n) =
(m+ n)(m+ n+ 1)

2
+m,

is primitive re
ursive, as well as the left and right 
onverse fun
tions ℓ and r,
satisfying n = p(ℓ(n), r(n)) for all n. There are more sophisti
ated examples of

primitive re
ursive fun
tions and predi
ates. One is as follows. Consider a �xed

enumeration Mk of all Turing Ma
hines that are 
apable of pro
essing an input

~n ∈ N and returning an output m ∈ N. (If a partial fun
tion f is 
omputed this

way by a Turing ma
hine, we 
all it Turing 
omputable and we say that k is a Gödel

number of f .) De�ne Kleene's T predi
ate:

T (k, ~n,m) i� Mk halts on input ~n in r(m) steps with output ℓ(m).

The proof of the following 
an be found in [109, 269, 337℄.

A.3.5. Lemma. The predi
ate T (k, ~n,m) is primitive re
ursive.

A.3.6. Definition.

(i) The 
lass of partial re
ursive fun
tions is the smallest 
lass of partial fun
-

tions 
ontaining the initial fun
tions and 
losed under 
omposition, primitive

re
ursion and minimization.

(ii) A set A ⊆ Nk
is re
ursively enumerable i� it is the domain of some partial

re
ursive fun
tion.

(iii) A re
ursive fun
tion is a partial re
ursive fun
tion that is total.

(iv) A set A ⊆ Nk
is re
ursive i� its 
hara
teristi
 fun
tion is re
ursive.

It is well-known that (partial) re
ursive fun
tions 
oin
ide with (partial) Turing-


omputable fun
tions, see e.g. [337℄.

When we talk about a re
ursive or partially re
ursive fun
tion we often mean

a parti
ular algorithm (Turing ma
hine) 
omputing this fun
tion. The following

notation follows this 
onvention.

A.3.7. Notation. Let f be a partial re
ursive fun
tion 
omputed by the ma-


hine Mk. Then the 
hara
teristi
 fun
tion of the binary predi
ate T (k, ·, ·) is de-
noted by tf , that is,

tf (~n,m) = 0 i� Mk halts on input ~n in r(m) steps with output ℓ(m).

Clearly, tf is primitive re

ursive, and we have the following result:

A.3.8. Theorem (Kleene's normal form). Every partial re
ursive fun
tion f 
an be

written as

f(~n) = ℓ(µy[tf (~n, y) = 0]),

where tf and ℓ are primitive re
ursive fun
tions.

A.3.9. Corollary. A set B ⊆ N is re
ursively enumerable if and only if there is

a primitive re
ursive set A ⊆ N2
su
h that

n ∈ B i� there exists m with (n,m) ∈ A.
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A.4. De
ision problems

Of 
ourse not every re
ursively enumerable set is re
ursive. For instan
e, the set

{(k, n) ∈ N | Mk halts on input n} is not, and we usually express this fa
t by

saying that �the halting problem for Turing ma
hines is unde
idable�. Formally,

a de
ision problem is de�ned as an arbitrary set of numbers, or more generally (and

often more 
onveniently) an arbitrary set of words over a �xed alphabet. Observe

that a numeri
al input is always represented as a word, and a word 
an easily be

en
oded as a number. A problem P is de
idable i� the set P is re
ursive. Otherwise

it is unde
idable. In pra
ti
e, the notion of a �de
ision problem� is used in a more

relaxed way. For instan
e, ea
h of the following questions is a de
ision problem:

Does a given Turing ma
hine halt on a given input?

Is a given �rst-order formula a 
lassi
al tautology?

Here, the input data is not an arbitrary number or an arbitrary word, but a 
ertain

�nite obje
t (a ma
hine and an input, a formula). This is not a problem, be
ause

we 
an en
ode Turing ma
hines as words or numbers. A formula is a word itself,

so we do not even need to en
ode it. But not every word is a formula, and a more

adequate formulation of the se
ond problem is

Is a given word a well-formed formula that is a 
lassi
al tautology?

It does not really matter whi
h question we a
tually ask, be
ause there is a simple

algorithm to de
ide whether a given word is a formula. But 
onsider this one:

Is a given �rst-order 
lassi
al tautology an intuitionisti
 tautology?

The question whether an input word is a 
orre
t instan
e of this problem is no

longer trivial. In fa
t, it is unde
idable. There is no e�e
tive en
oding of �rst-order


lassi
al tautologies as all natural numbers. Thus the �de
ision problem� above must

be 
lassi�ed as ill-formed a

ording to our de�nition.

A.4.1. Example. Consider the following �de
ision problem�: Given a Turing ma-


hine whi
h halts on input zero, is the result of the 
omputation also equal to zero?

There is a natural algorithm to solve it. Just run the ma
hine and 
he
k the out-

put. This algorithm is guaranteed to terminate be
ause. . . the di�
ulty is hidden

in the de�nition of legal inputs. To see that the �termination property� of our algo-

rithm is of no a
tual value, observe the following: For every 
omputable fun
tion f ,
every solution of the problem above requires more than f(n) steps on some inputs

of size n. In other words, our �de
idable� problem has no time 
omplexity!

Indeed, otherwise 
onsider a language L whi
h is 
omputable, but requires time

greater than 2f(2n)
, and let L be a

epted by a ma
hine ML. For a given word w,

let Mw
be a ma
hine whi
h takes an integer input, runs ML on w, and returns 0 if

w ∈ L and otherwise returns 1. Observe thatMw
halts for every input, in parti
ular

for zero. To de
ide if w ∈ L we now 
onstru
t Mw
(whi
h takes time equal to the

length of w plus a 
onstant) and then we ask if the output of Mw
is 0. By our

assumption, this 
an be done in time at most proportional to f(2n), 
ontradi
ting
the de�nition of L.

To show that a parti
ular de
ision problem P is unde
idable, we usually �nd

another problem, whi
h is already known to be unde
idable, and we redu
e it to P .
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A.4.2. Definition. A problem P1 is redu
ible to P2, written P1 ≤ P2, i� there is

a 
omputable fun
tion f , su
h that

w ∈ P1 i� f(w) ∈ P2,

for all inputs w. Clearly, if P1 ≤ P2 and P1 is unde
idable then so is P2.

Post Corresponden
e Problem. Post Corresponden
e Problem (PCP) is the

following de
ision problem. Given pairs of words (w1, v1), . . . , (wn, vn), �nd a non-

empty sequen
e of indi
es i1, . . . , ik, su
h that

wi1wi2 . . . wik
= vi1vi2 . . . vik

.

The sequen
e i1, i2, . . . , ik is then 
alled a solution of the problem. Also the word

wi1wi2 . . . wik
is often 
alled a solution. An instan
e {(wi, vi) | i = 1, . . . , n} of Post

Corresponden
e Problem is often displayed as:

w1 w2 . . . wn

v1 v2 . . . vn

For instan
e, 1213 is a solution of

a2 b2 ab2

a2b ba b

be
ause a2 · b2 · a2 · ab2 = a2b2a3b2 = a2b · ba · a2b · b, and the system

a2b a

a2 ba2

has no solution. It is known that PCP is unde
idable, see [245, 256℄.

Two-
ounter automata. A two-
ounter automaton A = 〈Q, q0, qf , I〉 
onsists
of a �nite set of states Q, the distinguished initial state q0 and �nal state qf , and
a set of instru
tions, ea
h of one of the following forms:

(ui) (q : ci := ci + 1; goto p);

(di) (q : ci := ci − 1; goto p);

(zi) (q : if ci = 0 then goto p else goto r);

where i = 1, 2 and q, p, r ∈ Q. A 
on�guration of A is a triple 〈q,m, n〉 
onsisting of
a state q ∈ Q and numbers m,n ∈ N, understood as 
urrent values of two 
ounters

c1 and c2. There is one initial 
on�guration, namely 〈q0, 0, 0〉, and 
on�gurations

〈qf ,m, n〉 are 
alled �nal .

The meaning of the instru
tions should be obvious. For 
on�gurations C1, C2,

we write C1 →A C2 when C2 is obtained from C1 in one step. (We assume that

no (di) step is possible when ci = 0, i.e. that the ma
hine gets stu
k when trying to

subtra
t 1 from 0.) The notation ։A stands for the transitive and re�exive 
losure

of →A, and if C1 ։A C2 then C2 is rea
hable from C1. The halting problem for

two-
ounter automata is to de
ide if a given automaton halts , that is, if a �nal


on�guration is rea
hable from the initial one. This problem is well-known to be

unde
idable, see e.g. [245, 276℄.
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A.5. Hard and 
omplete

This se
tion re
alls a few basi
 notions from 
omplexity theory. The reader is re-

ferred to standard textbooks, like [245, 256℄, for a more 
omprehensive dis
ussion.

A.5.1. Definition. The notation Logspa
e and Ptime refers to the 
lasses of

languages (de
ision problems) solvable by deterministi
 Turing Ma
hines in log-

arithmi
 spa
e

2

and polynomial time, respe
tively. The 
lass Pspa
e 
onsists of

problems solvable by Turing Ma
hines (deterministi
 or not) in polynomial spa
e,

and Exptime refers to deterministi
 time 2p(n)
, where p(n) 
an be any polynomial.

We have the following in
lusions: Logspa
e ⊆ Ptime ⊆ Pspa
e ⊆ Exptime.

A.5.2. Definition. We say that a language L1 is redu
ible to a language L2 in

logarithmi
 spa
e (or Logspa
e-redu
ible) when there is a Logspa
e-
omputable

fun
tion f , su
h that

w ∈ L1 i� f(w) ∈ L2,

for all inputs w. Two languages are Logspa
e-equivalent i� there are Logspa
e-

redu
tions ea
h way.

That is, to de
ide if w ∈ L1 one 
an ask if f(w) ∈ L2, and the 
ost of the translation

is only shipping and handling. (Observe that log n spa
e is exa
tly what is needed

to store the position of the ma
hine head on an input of length n.) Note that

a logarithmi
 spa
e redu
tion is also a polynomial time redu
tion.

A.5.3. Definition. We say that a language L is hard for a 
omplexity 
lass C, i�

every language L′ ∈ C is redu
ible to L in logarithmi
 spa
e. If we have L ∈ C in

addition, then we say that L is 
omplete in the 
lass C, or simply C-
omplete.

Unifi
ation. As mentioned in Se
tion A.2, the uni�
ation problem is de
idable,

and the solution 
an be of exponential size. In fa
t, Robinson's algorithm 
an be

optimized to work in polynomial time, provided we only need to 
he
k whether

a solution exists, and we do not need to write it down expli
itly, 
f. Exer
ise 3.6.

Also the veri�
ation whether a given solution is 
orre
t 
an be done in polynomial

time. The following is from Dwork et al [138℄.

A.5.4. Theorem. The uni�
ation problem is Ptime-
omplete.

Quantified Boolean formulas. A standard example of a problem whi
h is

Pspa
e-
omplete is the 
lassi
al validity problem for se
ond-order propositional

formulas (see De�nition 11.1.1), 
alled also quanti�ed Boolean formulas (QBF) in

this 
ontext. A value of a se
ond-order propositional formula under a binary valu-

ation v is de�ned in a similar way as for ordinary propositional formulas, with the

following 
lauses in addition:

[[∀pα]]v = max{[[α]]v(p7→1), [[α]]v(p7→0)};

[[∃pα]]v = min{[[α]]v(p7→1), [[α]]v(p7→0)}.

A se
ond-order 
lassi
al propositional tautology is a formula true under all valua-

tions. The QBF problem is as follows:

Is a given se
ond-order propositional formula a tautology?

In fa
t it su�
es to only 
onsider 
losed formulas, where ea
h variable is bound by

a quanti�er. In this 
ase the validity problem above is the same as the satis�ability

2

One 
ounts only the work tapes, not the input or output tapes.



dr
af

t

A.5. Hard and 
omplete 371

problem for QBF. A 
losed formula is either a tautology, or it is not satis�able.

Proofs of the following fa
t 
an be found in [245, 256℄.

A.5.5. Theorem. The QBF problem is Pspa
e-
omplete.

Further reading. For more ba
kground information we re
ommend:

• Set theory, Boolean algebras: Davey and Priestley [119℄, Halmos [212, 213℄,

Kuratowski and Mostowski [290℄, Monk [353℄.

• Turing ma
hines, theory of 
omputation and 
omplexity: Boolos, Burgess and

Je�rey [53℄, Cutland [109℄, Hop
roft, Motwani and Ullman [245℄, Jones [256℄,

Kozen [276℄, Mendelson [337℄.

• Classi
al logi
: Adamowi
z and Zbierski [6℄, Bell and Ma
hover [39℄, Huth

and Ryan [252℄, Mendelson [337℄, Monk [352℄, van Dalen [113℄.

• Rewriting, uni�
ation (and all that): Baader and Nipkow [21℄, Terese [474℄.

• Programming languages: Mit
hell [349, 350℄, Pier
e [393℄.


