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Chapter 1

Type-free λ-
al
ulus

The λ-
al
ulus is a model of 
omputation. It was introdu
ed a few years

before another su
h model, Turing ma
hines. With the latter, 
omputation

is expressed by reading from and writing to a tape, and performing a
tions

depending on the 
ontents of the tape. Turing ma
hines resemble programs

in imperative programming languages, like Java or C.

In 
ontrast, in λ-
al
ulus one is 
on
erned with fun
tions, and these may

both take other fun
tions as arguments, and return fun
tions as results. In

programming terms, λ-
al
ulus is an extremely simple higher-order, fun
-

tional programming language.

In this 
hapter we only 
over the type-free or untyped λ-
al
ulus. Later we

introdu
e several variants where λ-terms are 
ategorized into various types.

1.1. A gentle introdu
tion

Computation in λ-
al
ulus is expressed with λ-terms. These are similar to the

nameless fun
tion notation n 7→ n2
used in mathemati
s. However, a math-

emati
ian employs the latter notation to denote fun
tions as mathemati
al

obje
ts (de�ned as sets of pairs). In 
ontrast, λ-terms are formal expressions

(strings) whi
h, intuitively, express fun
tions and appli
ations of fun
tions

in a pure form. Thus, a λ-term is one of the following:

• a variable;

• an abstra
tion λxM , where x is a variable and M is a λ-term;

• an appli
ation MN (of M to N), where M and N are λ-terms.

In an abstra
tion λxM , the variable x represents the fun
tion argument

(or formal parameter), and it may o

ur in the body M of the fun
tion, but

it does not have to. In an appli
ation MN there is no restri
tion on the

shape of the operator M or the argument N ; both 
an be arbitrary λ-terms.
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For instan
e, the λ-term I = λxx intuitively denotes a fun
tion that

maps any argument to itself, i.e. the identity fun
tion. As another example,

K = λxλyx represents a fun
tion mapping any argument x to the 
onstant

fun
tion that always returns x. Finally, IK expresses appli
ation of the fun
-

tion I to the argument K.

In mathemati
s we usually write the appli
ation of a fun
tion, say f , to

an argument, say 4, with the argument in parentheses: f(4). In the λ-
al
ulus

we would rather write this as f4. The use of parentheses 
annot be entirely
eliminated though. For instan
e, the notation λxxy would be ambiguous,

and we should instead write either (λxx)y if we mean an appli
ation of I

to y, or λx(xy) to denote an abstra
tion on x with the body xy. In the latter


ase, it is 
ustomary to use dot notation, i.e. to write λx.xy instead. Similarly

we may need parentheses to disambiguate appli
ations; for instan
e, I(KK)
expresses appli
ation of I to KK

If λxM denotes a fun
tion, and N denotes an argument, the �value� of

the appli
ation (λxM)N 
an be 
al
ulated by substituting N for x in M . The

result of su
h a substitution is denoted by M [x := N ], and we formalize the


al
ulation by the β-redu
tion rule: (λxM)N →β M [x := N ]. For instan
e,

(IK)z = ((λxx)K)z →β x[x := K]z = Kz = (λyλxy)z →β λxz.

This pro
ess of 
al
ulating the value of an expression is similar to 
ommon

pra
ti
e in mathemati
s; if f(n) = n2
, then f(4) = 42

, and we get from

the appli
ation f(4) to the result 42
by substituting 4 for n in the body of

the de�nition of f . A programming language analogue is the 
all-by-name

parameter passing me
hanism, where the formal parameter of a pro
edure

is repla
ed throughout by the a
tual parameter expression.

The variable x in a λ-abstra
tion λxM is bound (or lo
al) within M in

mu
h the same way a formal parameter of a pro
edure is 
onsidered lo
al

within that pro
edure. In 
ontrast, a variable y without a 
orresponding

abstra
tion is 
alled free (or global) and is similar to a global variable in

most programming languages. Thus, x is bound and y is free in λx.xy.

Some 
onfusion may arise when we use the same name for bound and

free variables. For example, in x(λx.xy), there are obviously two di�erent

x's: the free (global) x, and the bound (lo
al) x, whi
h is �shadowing� the

free one in the body. If we instead 
onsider the λ-term x(λz.zy), there is no

onfusion. As another example of 
onfusion, (λx.xy)[y := x] should repla
e

y in (λx.xy) by a free variable x, but λx.xx is not the desired result. In the

latter term we have lost the distin
tion between the formal parameter x and

the free variable x (the free variable has been 
aptured by the lambda). If we

use a bound variable z, the 
onfusion disappears: (λz.zy)[y := x] = λz.zx.

A lo
al variable of a pro
edure 
an always be renamed without a�e
ting

the meaning of the program. Similarly, in λ-
al
ulus we do not 
are about the

names of bound variables; the λ-terms λxx and λyy both denote the identity
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fun
tion. Be
ause of this, it is usually assumed that terms that di�er only in

their bound variables are identi�ed. This gives the freedom to 
hoose bound

variables so as to avoid any 
onfusion, e.g. variable 
apture.

1.2. Pre-terms and λ-terms

We now de�ne the notion of a pre-term and introdu
e λ-terms as equivalen
e


lasses of pre-terms. The se
tion is rather dull, but ne
essary to make our

formalism pre
ise. However, to understand most of the book, the informal

understanding of λ-terms of the pre
eding se
tion su�
es.

1.2.1. Definition. Let Υ denote a 
ountably in�nite set of symbols, hen
e-

forth 
alled variables (also obje
t variables or λ-variables when other kinds

of variables may 
ause ambiguity). We de�ne the notion of a pre-term by

indu
tion as follows:

• Every variable is a pre-term.

• If M,N are pre-terms, then (MN) is a pre-term.

• If x is a variable and M is a pre-term, then (λxM) is a pre-term.

The set of all pre-terms is denoted by Λ−
.

Remark. The de�nition 
an be summarized by the following grammar :

M ::= x | (MM) | (λxM).

In the remainder of the book, we will often use this short style of de�nition.

Pre-terms, as de�ned above, are fully parenthesized. As the pre-term

(λf((λu(f(uu)))(λv(f(vv))))) demonstrates, the heavy use of parentheses

is rather 
umbersome. We therefore introdu
e some notational 
onventions,

whi
h are used informally whenever no ambiguity or 
onfusion 
an arise.

1.2.2. Convention.

(i) The outermost parentheses in a term are omitted.

(ii) Appli
ation asso
iates to the left: ((PQ)R) is abbreviated (PQR).

(iii) Abstra
tion asso
iates to the right: (λx(λyP )) is abbreviated (λxλyP ).

(iv) A sequen
e of abstra
tions (λx1(λx2 . . . (λxnP ) . . .)), 
an be written as

(λx1x2 . . . xn.P ), in whi
h 
ase the outermost parentheses in P (if any)

are usually omitted.

1

1

The dot represents a left parenthesis whose s
ope extends as far to the right as possible.
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Example.

• (λv(vv)) may be abbreviated λv(vv) by (i).

• (((λxx)(λyy))(λzz)) may be abbreviated (λxx)(λyy)(λzz) by (i), (ii).

• (λx(λy(xy))) is written λxλy(xy) by (i), (iii) or as λxy.xy by (i), (iv).

• (λf((λu(f(uu)))(λv(f(vv))))) is written λf.(λu.f(uu))(λv.f(vv)).

1.2.3. Definition. De�ne the set FV(M) of free variables of M as follows.

FV(x) = {x};
FV(λxP ) = FV(P ) − {x};
FV(PQ) = FV(P ) ∪ FV(Q).

Example. Let x, y, z be distin
t variables; then FV((λxx)(λy.xyz)) = {x, z}.
There are two o

urren
es of x: one under λx and one under λy. An o

ur-

ren
e of x in M is 
alled bound if it is in a part of M with shape λxL, and

free otherwise. Then x ∈ FV(M) i� there is a free o

urren
e of x in M .

We now de�ne substitution of pre-terms. It will only be de�ned when no

variable is 
aptured as a result of the substitution.

1.2.4. Definition. The substitution of N for x in M , written M [x := N ],
is de�ned i� no free o

urren
e of x in M is in a part of M with form λyL,

where y ∈ FV(N). In su
h 
ases M [x := N ] is given by:

2

x[x := N ] = N ;
y[x := N ] = y, if x 6= y;

(PQ)[x := N ] = P [x := N ]Q[x := N ];
(λxP )[x := N ] = λxP ;
(λyP )[x := N ] = λyP [x := N ], if x 6= y.

Remark. In the last 
lause, y 6∈ FV(N) or x 6∈ FV(P ).

1.2.5. Lemma.

(i) If x 6∈ FV(M) then M [x := N ] is de�ned, and M [x := N ] = M .

(ii) If M [x := N ] is de�ned then y ∈ FV(M [x := N ]) i� either y ∈ FV(M)
and x 6= y or both y ∈ FV(N) and x ∈ FV(M).

(iii) The substitution M [x := x] is de�ned and M [x := x] = M .

(iv) If M [x := y] is de�ned, then M [x := y] is of the same length as M .

2

In our meta-notation, substitution binds stronger than anything else, so in the third


lause the rightmost substitution applies to Q, not to P [x := N ] Q.
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Proof. Indu
tion on M . As an example we show (i) in some detail. It is


lear that M [x := N ] is de�ned. To show that M [x := N ] = M 
onsider

the following 
ases. If M is a variable y, then we must have y 6= x, and

y[x := N ] = y. If M = PQ then x 6∈ FV(P ) and x 6∈ FV(Q), so by

the indu
tion hypothesis P [x := N ] = P and Q[x := N ] = Q. Then also

(PQ)[x := N ] = P [x := N ]Q[x := N ] = PQ. Finally, if M is an abstra
tion,

we may have either M = λxP or M = λyP , where x 6= y. In the former


ase, (λxP )[x := N ] = λxP . In the latter 
ase, we have x 6∈ FV(P ), so by

the indu
tion hypothesis (λyP )[x := N ] = λyP [x := N ] = λyP . ⊓⊔

1.2.6. Lemma. Assume that M [x := N ] is de�ned, and both N [y := L] and
M [x := N ][y := L] are de�ned, where x 6= y. If x 6∈ FV(L) or y 6∈ FV(M)
then M [y := L] is de�ned, M [y := L][x := N [y := L]] is de�ned, and

M [x := N ][y := L] = M [y := L][x := N [y := L]]. (∗)

Proof. Indu
tion on M . The main 
ase is when M = λzQ, for z 6∈ {x, y}.
By the assumptions

(i) x 6∈ FV(L) or y 6∈ FV(Q);

(ii) z 6∈ FV(N) or x 6∈ FV(Q);

(iii) z 6∈ FV(L) or y 6∈ FV(Q[x := N ]).

For the �de�ned� part, it remains, by the indu
tion hypothesis, to show:

• z 6∈ FV(L) or y 6∈ FV(Q);

• z 6∈ FV(N [y := L]) or x 6∈ FV(Q[y := L]).

For the �rst property, if z ∈ FV(L), then y 6∈ FV(Q[x := N ]), so y 6∈ FV(Q).
For the se
ond property, assume x ∈ FV(Q[y := L]). From (i) we have

x ∈ FV(Q), thus z 6∈ FV(N) by (ii). Therefore z ∈ FV(N [y := L]) 
ould only

happen when y ∈ FV(N) and z ∈ FV(L). Together with x ∈ FV(Q) this


ontradi
ts (iii). Now (∗) follows from the indu
tion hypothesis. ⊓⊔

A spe
ial 
ase of the lemma is M [x := y][y := L] = M [x := L], if the
substitutions are de�ned and y 6∈ FV(M).

1.2.7. Lemma. If M [x:=y] is de�ned and y 6∈ FV(M) then M [x:=y][y:=x]
is de�ned, and M [x:=y][y:=x] = M .

Proof. By indu
tion with respe
t to M one shows that the substitution is

de�ned. The equation follows from Lemmas 1.2.5(iii) and 1.2.6. ⊓⊔

The next de�nition formalizes the idea of identifying expressions that

�di�er only in their bound variables.�
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1.2.8. Definition. The relation =α (α-
onversion) is the least (i.e. smallest)

transitive and re�exive relation on Λ−
satisfying the following.

• If y 6∈ FV(M) and M [x := y] is de�ned then λxM =α λy.M [x := y].

• If M =α N then λxM =α λxN , for all variables x.

• If M =α N then MZ =α NZ.

• If M =α N then ZM =α ZN .

Example. Let x, y be di�erent variables. Then λxy.xy =α λyx.yx, but

λx.xy 6=α λy.yx.

By Lemma 1.2.7 the relation =α is symmetri
, so we easily obtain:

1.2.9. Lemma. The relation of α-
onversion is an equivalen
e relation.

Stri
tly speaking, the omitted proof of Lemma 1.2.9 should go by indu
-

tion with respe
t to the de�nition of =α. We prove the next lemma in more

detail, to demonstrate this approa
h.

1.2.10. Lemma. If M =α N then FV(M) = FV(N).

Proof. Indu
tion on the de�nition of M =α N . If M =α N follows from

transitivity, i.e. M =α L and L =α N , for some L, then by the indu
tion

hypothesis FV(M) = FV(L) and FV(L) = FV(N). If M = N (i.e. M =α N

by re�exivity) then FV(N) = FV(M). If M = λxP and N = λy.P [x := y],
where y 6∈ FV(P ) and P [x := y] is de�ned, then by Lemma 1.2.5 we have

FV(M) = FV(P ) − {x} = FV(P [x := y]) − {y} = FV(N). If M = λxP and

N = λxQ, where P =α Q, then by the indu
tion hypothesis FV(P ) = FV(Q),
so FV(M) = FV(N). If M = PZ and N = QZ, or M = ZP and N = ZQ,

where P =α Q, then we use the indu
tion hypothesis. ⊓⊔

1.2.11. Lemma. If M =α M ′
and N =α N ′

then M [x := N ] =α M ′[x := N ′],
provided both sides are de�ned.

Proof. By indu
tion on the de�nition of M =α M ′
. If M = M ′

then

pro
eed by indu
tion on M . The only other interesting 
ase is when we have

M = λzP and M ′ = λy.P [z := y], where y 6∈ FV(P ), and P [z := y] is
de�ned. If x = z, then x 6∈ FV(M) = FV(M ′) by Lemma 1.2.10. Hen
e

M [x := N ] = M =α M ′ = M ′[x := N ′] by Lemma 1.2.5. The 
ase x = y

is similar. So assume x 6∈ {y, z}. Sin
e M [x := N ] is de�ned, x 6∈ FV(P ) or
z 6∈ FV(N). In the former 
ase M [x := N ] = λzP and x 6∈ FV(P [z := y]),
so M ′[x := N ′] = λy.P [z := y] =α λz.P .

It remains to 
onsider the 
ase when x ∈ FV(P ) and z 6∈ FV(N). Sin
e
M ′[x := N ′] = (λy.P [z := y])[x := N ′] is de�ned, we have y 6∈ FV(N ′),
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and thus also y 6∈ FV(P [x := N ′]). By Lemma 1.2.6 it then follows that

M ′[x :=N ′] = λy.P [z :=y][x :=N ′] = λy.P [x :=N ′][z :=y] =α λz.P [x :=N ′].
By the indu
tion hypothesis λz.P [x :=N ′] =α λz.P [x :=N ] =M [x :=N ]. ⊓⊔

1.2.12. Lemma.

(i) For all M,N and x, there exists an M ′
su
h that M =α M ′

and the

substitution M ′[x := N ] is de�ned.

(ii) For all pre-terms M,N,P , and all variables x, y, there exists M ′, N ′

su
h that M ′ =α M , N ′ =α N , and the substitutions M ′[x := N ′] and
M ′[x := N ′][y := P ] are de�ned.

Proof. Indu
tion on M . The only interesting 
ase in part (i) is M = λyP

and x 6= y. Let z be a variable di�erent from x, not free in N , and not

o

urring in P at all. Then P [y := z] is de�ned. By the indu
tion hypothesis

applied to P [y := z], there is a P ′
with P ′ =α P [y := z] and su
h that the

substitution P ′[x := N ] is de�ned. Take M ′ = λzP ′
. Then M ′ =α M and

M ′[x:=N ] = λz.P ′[x:=N ] is de�ned. The proof of part (ii) is similar. ⊓⊔

1.2.13. Lemma.

(i) If MN =α R then R = M ′N ′
, where M =α M ′

and N =α N ′
.

(ii) If λxP =α R, then R = λyQ, for some Q, and there is a term P ′
with

P =α P ′
su
h that P ′[x := y] =α Q.

Proof. Part (i) is by indu
tion with respe
t to the de�nition of MN =α R.

Part (ii) follows in a similar style. The main 
ase in the proof is transitiv-

ity. Assume λxP =α R follows from λxP =α M and M =α R. By the

indu
tion hypothesis, we have M = λzN and R = λyQ, and there are

P ′ =α P and N ′ =α N su
h that P ′[x := z] =α N and N ′[z := y] =α Q. By

Lemma 1.2.12(ii) there is P ′′ =α P with P ′′[x := z] and P ′′[x := z][z := y]
de�ned. Then by Lemma 1.2.11, we have P ′′[x := z] =α N =α N ′

and thus

also P ′′[x := z][z := y] =α Q. And P ′′[x := z][z := y] = P ′′[x := y] by
Lemmas 1.2.5(iii) and 1.2.6. (Note that z 6∈ FV(P ′′) or x = z.) ⊓⊔

We are ready to de�ne the true obje
ts of interest: λ-terms.

1.2.14. Definition. De�ne the set Λ of λ-terms as the quotient set of =α:

Λ = {[M ]α | M ∈ Λ−},

where

3 [M ]α = {N ∈ Λ− | M =α N}.

3

For simpli
ity we write [M ]α instead of [M ]=α
.
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Example. Thus, for every variable x, the string λxx is a pre-term, while

I = [λxx]α = {λxx, λyy, . . .}, where x, y, . . . are all the variables, is a λ-term.

Warning. The notion of a pre-term and the expli
it distin
tion between

pre-terms and λ-terms are not standard in the literature. Rather, it is 
us-

tomary to 
all our pre-terms λ-terms and remark that �α-equivalent terms

are identi�ed� (
f. the pre
eding se
tion).

We 
an now �lift� the notions of free variables and substitution.

1.2.15. Definition. The free variables FV(M) of a λ-term M are de�ned

as follows. Let M = [M ′]α. Then

FV(M) = FV(M ′). (∗)

If FV(M) = ∅ then we say that M is 
losed or that it is a 
ombinator.

Lemma 1.2.10 ensures that any 
hoi
e of M ′
yields the same result.

1.2.16. Definition. For λ-terms M and N , we de�ne M [x := N ] as follows.
Let M = [M ′]α and N = [N ′]α, where M ′[x := N ′] is de�ned. Then

M [x := N ] = [M ′[x := N ′]]α.

Here Lemma 1.2.11 ensures that any 
hoi
e of M ′
and N ′

yields the same

result, and Lemma 1.2.12 guarantees that suitable M ′
and N ′


an be 
hosen.

The term formation operations 
an themselves be lifted.

1.2.17. Notation. Let P and Q be λ-terms, and let x be a variable. Then

PQ, λxP , and x denote the following unique λ-terms:

PQ = [P ′Q′]α , where [P ′]α = P and [Q′]α = Q;

λxP = [λxP ′]α , where [P ′]α = P ;

x = [x]α.

Using this notation, we 
an show that the equations de�ning free variables

and substitution for pre-terms also hold for λ-terms. We omit the easy proofs.

1.2.18. Lemma. The following equations are valid:

FV(x) = {x};
FV(λxP ) = FV(P ) − {x};
FV(PQ) = FV(P ) ∪ FV(Q).

1.2.19. Lemma. The following equations on λ-terms are valid:

x[x := N ] = N ;
y[x := N ] = y, if x 6= y;

(PQ)[x := N ] = P [x := N ] Q[x := N ];
(λyP )[x := N ] = λy.P [x := N ],

where x 6= y and y 6∈ FV(N) in the last 
lause.
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The next lemma �lifts� a few properties of pre-terms to the level of terms.

1.2.20. Lemma. Let P,Q,R,L be λ-terms. Then

(i) λxP = λy.P [x := y], if y 6∈ FV(P ).

(ii) P [x := Q][y := R] = P [y := R][x := Q[y := R]], if y 6= x 6∈ FV(R).

(iii) P [x := y][y := Q] = P [x := Q], if y 6∈ FV(P ).

(iv) If PQ = RL then P = R and Q = L.

(v) If λyP = λzQ, then P [y := z] = Q and Q[z := y] = P .

Proof. An easy 
onsequen
e of Lemmas 1.2.6 and 1.2.11�1.2.13. ⊓⊔

From now on, expressions involving abstra
tions, appli
ations, and vari-

ables are always understood as λ-terms, as de�ned in Notation 1.2.17. In

parti
ular, with the present ma
hinery at hand, we 
an formulate de�nitions

by indu
tion on the stru
ture of λ-terms, rather than �rst introdu
ing the

relevant notions for pre-terms and then lifting. The following de�nition is

the �rst example of this; its 
orre
tness is established in Exer
ise 1.3.

1.2.21. Definition. For M, ~N ∈ Λ and distin
t variables ~x ∈ Υ, the simul-

taneous substitution of

~N for ~x in M is the term M [~x := ~N ], su
h that

xi[~x := ~N ] = Ni;

y [~x := ~N ] = y, if y 6= xi, for all i;

(PQ)[~x := ~N ] = P [~x := ~N ]Q[~x := ~N ];

(λyP )[~x := ~N ] = λy.P [~x := ~N ],

where, in the last 
lause, y 6= xi and y 6∈ FV(Ni), for all i.

Other syntax. In this book we de�ne many di�erent languages (logi
s

and λ-
al
uli) with various binding operators (e.g. quanti�ers). Expressions

(terms, formulas, types et
.) that di�er only in their bound variables are

always identi�ed as we just did it in the untyped λ-
al
ulus. However, in

order not to exhaust the reader, we generally present the syntax in a slightly

informal manner, thus avoiding the expli
it introdu
tion of �pre-expressions.�

In all su
h 
ases, however, we a
tually have to deal with equivalen
e


lasses of some α-
onversion relation, and a pre
ise de�nition of the syntax

must take this into a

ount. We believe that the reader is able in ea
h 
ase

to re
onstru
t all missing details of su
h a de�nition.
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1.3. Redu
tion

1.3.1. Definition. A relation ≻ on Λ is 
ompatible i� it satis�es the follow-

ing 
onditions for all M,N,Z ∈ Λ.

(i) If M ≻ N then λxM ≻ λxN , for all variables x.

(ii) If M ≻ N then MZ ≻ NZ.

(iii) If M ≻ N then ZM ≻ ZM .

1.3.2. Definition. The least 
ompatible relation →β on Λ satisfying

(λx.P )Q →β P [x := Q],

is 
alled β-redu
tion. A term of form (λxP )Q is 
alled a β-redex, and the

term P [x := Q] is said to arise by 
ontra
ting the redex. A λ-term M is

in β-normal form (notation M ∈ NFβ) i� there is no N su
h that M →β N ,

i.e. M does not 
ontain a β-redex.

1.3.3. Definition.

(i) The relation ։β (multi-step β-redu
tion) is the transitive and re�exive


losure of →β. The transitive 
losure of →β is denoted by ։
+
β .

(ii) The relation =β (
alled β-equality or β-
onversion) is the least equiva-

len
e relation 
ontaining →β.

(iii) A β-redu
tion sequen
e is a �nite or in�nite sequen
e

M0 →β M1 →β M2 →β · · ·

1.3.4. Remark. The above notation applies in general: for any relation →◦,

the symbol ։
+
◦
(respe
tively ։◦) denotes the transitive (respe
tively tran-

sitive and re�exive) 
losure of →◦, and the symbol =◦ is used for the 
orre-

sponding equivalen
e. We often omit β (or in general ◦) from su
h notation

when no 
onfusion arises, with one ex
eption: the symbol = without any

quali�
ation always denotes ordinary equality. That is, we write A = B

when A and B denote the same obje
t.

Warning. In the literature, and 
ontrary to the use in this book, the sym-

bol = is often used for β-equality.

1.3.5. Example.

(i) (λx.xx)(λzz) →β (xx)[x := λzz] = (λzz)(λyy).

(ii) (λzz)(λyy) →β z[z := λyy] = λyy.

(iii) (λx.xx)(λzz) ։β λyy.

(iv) (λxx)yz =β y((λxx)z).
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1.3.6. Example (Some 
ommon λ-terms).

(i) Let I = λxx, K = λxy.x, and S = λxyz.xz(yz). Then SKK ։β I.

(ii) Let ω = λx.xx and Ω = ωω. Then Ω →β Ω →β Ω →β · · · .

(iii) Let Y = λf.(λx.f(xx))(λx.f(xx)). Then Y →β Y
′ →β Y

′′ →β · · · ,
where Y,Y′,Y′′, . . . are all di�erent.

1.3.7. Remark. A term is in normal form i� it is an abstra
tion λxM ,

where M is in normal form, or it is xM1 . . . Mn, where n ≥ 0 and all Mi are

in normal form (�if� is obvious and �only if� is by indu
tion on the length

of M). Even more 
ompa
t: a normal form is λy1 . . . ym.xM1 . . . Mn, where

m,n ≥ 0 and all Mi are normal forms.

The following little properties are 
onstantly used.

1.3.8. Lemma.

(i) If N →β N ′
then M [x := N ] ։β M [x := N ′].

(ii) If M →β M ′
then M [x := N ] →β M ′[x := N ].

Proof. By indu
tion on M and M →β M ′
using Lemma 1.2.20. ⊓⊔

In addition to β-redu
tion, other notions of redu
tion are 
onsidered in

the λ-
al
ulus. In parti
ular, we have η-redu
tion.

1.3.9. Definition. Let →η denote the least 
ompatible relation satisfying

λx.Mx →η M, if x 6∈ FV(M).

The symbol →βη denotes the union of →β and →η.

Remark. In general, when we have 
ompatible relations →R and →Q, the

union is written →RQ. Similar notation is used for more than two relations.

The motivation for this notion of redu
tion (and the asso
iated notion of

equality) is, informally speaking, that two fun
tions should be 
onsidered

equal if they yield equal results whenever applied to equal arguments. Indeed:

1.3.10. Proposition. Let =ext be the least equivalen
e relation su
h that:

• If M =β N , then M =ext N ;

• If Mx =ext Nx and x 6∈ FV (M) ∪ FV (N), then M =ext N ;

• If P =ext Q, then PZ =ext QZ and ZP =ext ZQ.

Then M =ext N i� M =βη N .
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Proof. The impli
ation from left to right is by indu
tion on the de�nition

of M =ext N , and from right to left is by indu
tion with respe
t to the

de�nition of M =βη N . Note that the de�nition of =ext does not in
lude the

rule �If P =ext Q then λxP =ext λxQ.� This is no mistake: this property

(known as rule ξ) follows from the others. ⊓⊔

We do not take →βη as our standard notion of redu
tion. We want to

be able to distinguish between two algorithms, even if their input-output

behaviour is the same. Nevertheless, many properties of βη-redu
tion are

similar to those of β-redu
tion. For instan
e, we have the following.

1.3.11. Lemma. If there is an in�nite βη-redu
tion sequen
e starting with

a term M then there is an in�nite β-redu
tion sequen
e from M .

Proof. First observe that in an in�nite βη-redu
tion sequen
e there must

be in�nitely many β-redu
tion steps (
f. Exer
ise 1.6). These β-redu
tion

steps 
an be �permuted forward�, yielding an in�nite β-redu
tion. Indeed,

by indu
tion with respe
t to M →η N , one 
an show that M →η N →β L

implies M →β P ։βη L, for some P . ⊓⊔

Other syntax. In the numerous lambda-
al
uli o

urring in the later 
hap-

ters, many notions introdu
ed here will be used in an analogous way. For

instan
e, the notion of a 
ompatible relation (De�nition 1.3.1) generalizes

naturally to other syntax. A 
ompatible relation �respe
ts� the synta
ti
 
on-

stru
tions. Imagine that, in addition to appli
ation and abstra
tion, we have

in our syntax an operation of �a

lamation,� written as M !!, i.e. whenever
M is a term, M !! is also a term. Then we should add the 
lause

• If M ≻ N then M !! ≻ N !!.

to our de�nition of 
ompatibility. Various additional redu
tion relations will

also be 
onsidered later, and we usually de�ne these by stating one or more

redu
tion axioms, similar to the β-rule of De�nition 1.3.2 and the η-rule of

De�nition 1.3.9. In su
h 
ases, we usually assume that the redu
tion relation

is the least 
ompatible relation satisfying the given redu
tion axiom.

1.4. The Chur
h-Rosser theorem

Sin
e a λ-term M may 
ontain several β-redexes, there may be several N

with M →β N . For instan
e, K(II) →β λx.II and K(II) →β KI. However,

as shown below, there must be some term to whi
h all su
h N redu
e in one

or more steps. In fa
t, even if we make several redu
tion steps, we 
an still


onverge to a 
ommon term (possibly using several steps):

M1

��
��

// // M2

��
��

M3
// // M4
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This property is known as 
on�uen
e or the Chur
h-Rosser property. If the

above diagram was 
orre
t in a stronger version with → in pla
e of ։, then

we 
ould prove the theorem by a diagram 
hase:

M1

��

// .

��

// .

��

// M2

��.

��

.

��

// .

��

// .

��

M3
// . // . // M4

Unfortunately, our prerequisite fails. For instan
e, in the diagram

M1 = ω(II)

��

// ωI = M2

��

M3 = (II)(II) //
I(II) //

II = M4

two redu
tions are needed to get from M3 to M4. The problem is that the re-

dex 
ontra
ted in the redu
tion from M1 to M2 is dupli
ated in the redu
tion

to M3. We 
an solve the problem by working with parallel redu
tion, i.e. an

extension of →β allowing su
h dupli
ations to be 
ontra
ted in one step.

1.4.1. Definition. Let ⇒β be the least relation on Λ su
h that:

• x ⇒β x for all variables x.

• If P ⇒β Q then λx.P ⇒β λx.Q.

• If P1 ⇒β Q1 and P2 ⇒β Q2 then P1P2 ⇒β Q1Q2.

• If P1 ⇒β Q1 and P2 ⇒β Q2 then (λx.P1)P2 ⇒β Q1[x := Q2].

1.4.2. Lemma.

(i) If M →β N then M ⇒β N .

(ii) If M ⇒β N then M ։β N .

(iii) If M ⇒β M ′
and N ⇒β N ′

then M [x :=N ] ⇒β M ′[x :=N ′].

Proof. (i) is by indu
tion on the de�nition of M →β N (note that P ⇒β P

for all P ), and (ii), (iii) are by indu
tion on the de�nition of M ⇒β M ′
. ⊓⊔

1.4.3. Definition. Let M∗
(the 
omplete development of M) be de�ned by:

x∗ = x;
(λxM)∗ = λxM∗;
(MN)∗ = M∗N∗

, if M is not an abstra
tion;

((λxM)N)∗ = M∗[x := N∗].
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Note that M ⇒β N if N arises by redu
ing some of the redexes present

in M , and that M∗
arises by redu
ing all redexes present in M .

1.4.4. Lemma. If M ⇒β N then N ⇒β M∗
. In parti
ular, if M1 ⇒β M2

and M1 ⇒β M3 then M2 ⇒β M∗

1 and M3 ⇒β M∗

1 .

Proof. By indu
tion on the de�nition of M ⇒β N , using Lemma 1.4.2. ⊓⊔

1.4.5. Theorem (Chur
h and Rosser). If M1 ։β M2 and M1 ։β M3, then

there is M4 ∈ Λ with M2 ։β M4 and M3 ։β M4.

Proof. If M1 →β · · · →β M2 and M1 →β · · · →β M3, the same holds with

⇒β in pla
e of→β. By Lemma 1.4.4 and a diagram 
hase, M2 ⇒β · · · ⇒β M4

and M3 ⇒β · · · ⇒β M4 for some M4. Then M2 ։β M4 and M3 ։β M4. ⊓⊔

1.4.6. Corollary.

(i) If M =β N , then M ։β L and N ։β L for some L.

(ii) If M ։β N1 and M ։β N2 for β-normal forms N1, N2, then N1 = N2.

(iii) If there are β-normal forms L1 and L2 su
h that M ։β L1, N ։β L2,

and L1 6= L2, then M 6=β N .

Proof. Left to the reader. ⊓⊔

Remark. One 
an 
onsider λ-
al
ulus as an equational theory, i.e. a formal

theory with formulas of the form M =β N . Part (i) establishes 
onsisten
y

of this theory, in the following sense: there exists a formula that 
annot be

proved, e.g. λxx =β λxy.x 
f. Exer
ise 2.5).

Part (ii) in the 
orollary is similar to the fa
t that when we 
al
ulate the

value of an arithmeti
al expression, e.g. (4 + 2) · (3 + 7) · 11, the end result

is independent of the order in whi
h we do the 
al
ulations.

1.5. Leftmost redu
tions are normalizing

1.5.1. Definition. A term M is normalizing (notation M ∈ WNβ) i� there

is a redu
tion sequen
e from M ending in a normal form N . We then say that

M has the normal form N . A term M is strongly normalizing (M ∈ SNβ or

just M ∈ SN) if all redu
tion sequen
es starting with M are �nite. We write

M ∈ ∞β if M 6∈ SNβ . Similar notation applies to other notions of redu
tion.

Any strongly normalizing term is also normalizing, but the 
onverse is

not true, as KIΩ shows. But Theorem 1.5.8 states that a normal form, if

it exists, 
an always be found by repeatedly redu
ing the leftmost redex,

i.e. the redex whose λ is the furthest to the left. The following notation and

de�nition are 
onvenient for proving Theorem 1.5.8.
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ve
tor notation. Let n ≥ 0. If ~P = P1, . . . , Pn, then we write M ~P for

MP1 . . . Pn. In parti
ular, if n = 0, i.e. ~P is empty, then M ~P is just M .

Similarly, if ~z = z1, . . . , zn, then we write λ~z.M for λz1 . . . zn.M . Again,

λ~z.M is just M , if n = 0, i.e. ~z is empty.

Remark. Any term has exa
tly one of the following two forms: λ~z.x~R or

λ~z.(λxP )Q~R, in whi
h 
ase (λxP )Q is 
alled head redex (in the former 
ase,

there is no head redex). Any redex that is not a head redex is 
alled internal.

A head redex is always the leftmost redex, but the leftmost redex in a term

is not ne
essarily a head redex�it may be internal.

1.5.2. Definition. For a term M not in normal form, we write

• M
l
→β N if N arises from M by 
ontra
ting the leftmost redex.

• M
h
→β N if N arises from M by 
ontra
ting a head redex.

• M
i
→β N if N arises from M by 
ontra
ting an internal redex.

1.5.3. Lemma.

(i) If M
h
→β N then λxM

h
→β λxN .

(ii) If M
h
→β N and M is not an abstra
tion, then ML

h
→β NL.

(iii) If M
h
→β N then M [x := L]

h
→β N [x := L].

Proof. Easy. ⊓⊔

The following te
hni
al notions are 
entral in the proof of Theorem 1.5.8.

1.5.4. Definition. We write

~P ⇒β
~Q if

~P = P1, . . . , Pn, ~Q = Q1, . . . , Qn,

n ≥ 0, and Pj ⇒β Qj for all 1 ≤ j ≤ n. Parallel internal redu
tion
i
⇒β is

the least relation on Λ satisfying the following rules.

• If

~P ⇒β
~Q then λ~x.y ~P

i
⇒β λ~x.y ~Q.

• If

~P ⇒β
~Q, S ⇒β T and R ⇒β U , then λ~x.(λyS)R~P

i
⇒β λ~x.(λyT )U ~Q.

Remark. If M
i
→β N , then M

i
⇒β N . Conversely, if M

i
⇒β N , then

M
i
։β N . Also, if M

i
⇒β N , then M ⇒β N .

1.5.5. Definition. We write M ⇛β N if there are M0,M1, . . . ,Mn with

M = M0
h
→β M1

h
→β · · ·

h
→β Mn

i
⇒β N

and Mi ⇒β N for all i ∈ {0, . . . , n}, where n ≥ 0.
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1.5.6. Lemma.

(i) If M ⇛β M ′
then λxM ⇛β λxM ′

.

(ii) If M ⇛β M ′
and N ⇒β N ′

, then MN ⇛β M ′N ′
.

(iii) If M ⇛β M ′
and N ⇛β N ′

, then M [x := N ] ⇛β M ′[x := N ′].

Proof. Part (i) is easy. For (ii), let

M = M0
h
→β M1

h
→β · · ·

h
→β Mn

i
⇒β M ′

where Mi ⇒β M ′
for all i ∈ {0, . . . , n}. Assume at least one Mi is an

abstra
tion, and let k be the smallest number su
h that Mk is an abstra
tion.

Then MkN
i
⇒β M ′N ′

. By Lemma 1.5.3:

MN = M0N
h
→β M1N

h
→β · · ·

h
→β MkN

i
⇒β M ′N ′, (∗)

where MiN ⇒β M ′N ′
. If there is no abstra
tion among Mi, 0 ≤ i ≤ n,

then (∗) still holds with k = n.

For (iii) �rst assume M
i
⇒β M ′

. We have either M = λ~z.(λy.P )Q~R or

M = λ~z.y ~R. In the former 
ase, M ′ = λ~z.(λy.P ′)Q′ ~R′
, where P ⇒β P ′

,

Q ⇒β Q′
, and

~R ⇒β
~R′
. By Lemma 1.4.2, M [x := N ]

i
⇒β M ′[x := N ′].

In the latter 
ase, M ′ = λ~z.y ~R′
. We 
onsider two possibilities. If x 6= y,

we pro
eed as in the 
ase just 
onsidered. If x = y, let ~S and

~S′
arise from

~R (respe
tively

~R′
) by substituting N (respe
tively N ′

) for x. By (i), (ii) and

Lemma 1.4.2 we then have M [x := N ] = λ~z.N ~S ⇛β λ~z.N ′ ~S′ = M ′[x := N ′].
Now 
onsider the general 
ase. By the above and Lemma 1.5.3, we have

M [x := N ] = M0[x := N ]
h
→β · · ·

h
→β Mn[x := N ] ⇛β M ′[x := N ′].

Also, Mi[x := N ] ⇒β M ′[x := N ′] holds by Lemma 1.4.2. ⊓⊔

1.5.7. Lemma.

(i) If M ⇒β N then M
h
։β L

i
⇒β N for some L.

(ii) If M
i
⇒β N

h
→β L, then M

h +
։β O

i
⇒β L for some O.

Proof. For (i), show that M ⇒β N implies M ⇛β N . For (ii), note that

M = λ~z.(λx.P )Q~R, N = λ~z.(λx.P ′)Q′ ~R′
, where P ⇒β P ′

, Q ⇒β Q′
, and

~R ⇒β
~R′
. Then L = λ~z.P ′[x := Q′] ~R′

. De�ne O = λ~z.P [x := Q]~R, and we

then have M
h
→β O ⇒β L. Now use (i). ⊓⊔
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1.5.8. Theorem. If M has normal form N , then M
l

։β N .

Proof. Indu
tion on the length of N . We have M ⇒β · · · ⇒β N . By

Lemma 1.5.7, the redu
tion from M to N 
onsists of head redu
tions and

parallel internal redu
tions, and the head redu
tions 
an be brought to the

beginning. Thus M
h
։β L

i
։β N , where L = λ~z.y ~P and N = λ~z.y ~P ′

,

and where Pi has normal form P ′

i . By the indu
tion hypothesis, leftmost

redu
tion of ea
h Pi yields P ′

i . Then M
l

։β N . ⊓⊔

1.5.9. Definition. A redu
tion strategy F is a map from λ-terms to λ-terms

su
h that F (M) = M when M is in normal form, and M →β F (M) other-
wise. Su
h an F is normalizing if for all M ∈ WNβ, there is an i su
h that

F i(M) is in normal form.

1.5.10. Corollary. De�ne Fl(M) = M for ea
h normal form M , and

Fl(M) = N , where M
l
→β N , otherwise. Then Fl is normalizing.

1.5.11. Definition. A redu
tion sequen
e is 
alled

• quasi-leftmost if it 
ontains in�nitely many leftmost redu
tions;

• quasi-head if it 
ontains in�nitely many head redu
tions.

1.5.12. Corollary. Let M be normalizing. We then have the following.

(i) M has no in�nite head-redu
tion sequen
e.

(ii) M has no quasi-head redu
tion sequen
e.

(iii) M has no quasi-leftmost redu
tion sequen
e.

Proof. Part (i) follows dire
tly from the theorem. For (ii), suppose M has

a quasi-head redu
tion sequen
e. By Lemma 1.5.7(ii), we 
an postpone the

internal redu
tions in the quasi-head redu
tion inde�nitely to get an in�nite

head redu
tion, 
ontradi
ting Theorem 1.5.8.

Part (iii) is by indu
tion on the length of the normal form of M . Suppose

M has a quasi-leftmost redu
tion sequen
e. By (ii) we may assume that, from

some point on, the quasi-leftmost redu
tion 
ontains no head redu
tions. One

of the redu
tions after this point must be leftmost, so the sequen
e is

M ։β L1
i
→β L2

i
→β L3

i
→β · · · (∗)

where L1 = λ~z.y ~P . In�nitely many of the leftmost steps in (∗) must o

ur
within the same Pi and these steps are leftmost relative to Pi, 
ontradi
ting

the indu
tion hypothesis. ⊓⊔
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1.6. Perpetual redu
tions and the 
onservation theorem

Theorem 1.5.8 provides a way to obtain the normal form of a term, when it

exists. There is also a way to avoid the normal form, i.e. to �nd an in�nite

redu
tion, when one exists.

1.6.1. Definition. De�ne F∞ : Λ → Λ as follows. If M ∈ NFβ then

F∞(M) = M ; otherwise

F∞(λ~z.x~PQ~R) = λ~z.x~PF∞(Q)~R, if

~P ∈ NFβ and Q 6∈ NFβ;

F∞(λ~z.(λxP )Q~R) = λ~z.P [x := Q]~R, if x ∈ FV(P ) or Q ∈ NFβ ;

F∞(λ~z.(λxP )Q~R) = λ~z.(λxP )F∞(Q)~R, if x 6∈ FV(P ) and Q 6∈ NFβ.

It is easy to see that M → F∞(M) when M 6∈ NFβ.

1.6.2. Lemma. Assume Q ∈ SNβ or x ∈ FV(P ). If P [x := Q]~R ∈ SNβ,

then (λx.P )Q~R ∈ SNβ.

Proof. Let P [x := Q]~R ∈ SNβ. Then P, ~R ∈ SNβ. If x 6∈ FV(P ), then

Q ∈ SNβ by assumption. If x ∈ FV(P ), then Q is part of P [x := Q]~R, so

Q ∈ SNβ. If (λx.P )Q~R ∈ ∞β, then any in�nite redu
tion must have form

(λx.P )Q~R ։β (λx.P ′)Q′ ~R′ →β P ′[x := Q′] ~R′ →β · · ·

Then P [x := Q]~R ։β P ′[x := Q′] ~R′ →β · · · , a 
ontradi
tion. ⊓⊔

1.6.3. Theorem. If M ∈ ∞β then F∞(M) ∈ ∞β.

Proof. By indu
tion on M . If M = λ~z.x~P , apply the indu
tion hypothesis

as ne
essary. We 
onsider the remaining 
ases in more detail.

Case 1: M = λ~z.(λx.P )Q~R where x ∈ FV(P ) or Q ∈ NFβ. Then we have

F∞(M) = λ~z.P [x := Q]~R, and thus F∞(M) ∈ ∞β, by Lemma 1.6.2.

Case 2: M = λ~z.(λx.P )Q~R where x 6∈ FV(P ) and Q ∈ ∞β. Then we have

F∞(M) = λ~z.(λx.P )F∞(Q)~R. By the indu
tion hypothesis F∞(Q) ∈ ∞β,

so F∞(M) ∈ ∞β .

Case 3: M = λ~z.(λx.P )Q~R where x 6∈ FV(P ) and Q ∈ SNβ −NFβ. Then we

have F∞(M) = λ~z.(λx.P )F∞(Q)~R ։β P ~R. From Lemma 1.6.2, we obtain

P ~R ∈ ∞β, but then also F∞(M) ∈ ∞β. ⊓⊔

1.6.4. Definition. A redu
tion strategy F is perpetual i� for all M ∈ ∞β,

M →β F (M) →β F (F (M)) →β · · ·

is an in�nite redu
tion sequen
e from M .
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1.6.5. Corollary. F∞ is perpetual.

Proof. Immediate from the pre
eding theorem. ⊓⊔

1.6.6. Definition. The set of λI-terms is de�ned as follows.

• Every variable is a λI-term.

• An appli
ation MN is a λI-term i� both M and N are λI-terms.

• An abstra
tion λxM is a λI-term i� M is a λI-term and x ∈ FV(M).

The following is known as the 
onservation theorem (for λI-terms).

1.6.7. Corollary.

(i) For all λI-terms M , if M ∈ WNβ then M ∈ SNβ .

(ii) For all λI-terms M , if M ∈ ∞β and M →β N then N ∈ ∞β.

Proof. For part (i), assume M ∈ WNβ. Then M
l

։β N for some normal

form N . Now note that for all λI-terms L not in normal form, L
l
→β F∞(L).

Thus N = F k
∞

(M) for some k, so M ∈ SNβ , by Corollary 1.6.5.

For part (ii), suppose M →β N . If M ∈ ∞β, then M 6∈ WNβ, by (i).

Hen
e N 6∈ WNβ, in parti
ular N ∈ ∞β. ⊓⊔

1.7. Expressibility and unde
idability

The untyped λ-
al
ulus is so simple that it may be surprising how powerful it

is. In this se
tion we show that λ-
al
ulus in fa
t 
an be seen as an alternative

formulation of re
ursion theory.

We 
an use λ-terms to represent various 
onstru
tions, e.g. truth values:

true = λxy.x;

false = λxy.y;

if P then Q else R = PQR.

It is easy to see that

if true then P else Q ։β P ;
if false then P else Q ։β Q.

Another useful 
onstru
tion is the ordered pair

〈M,N〉 = λx.xMN ;
π1 = λp.p(λxy.x);
π2 = λp.p(λxy.y).

As expe
ted we have

πi〈M1,M2〉 ։β Mi.
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1.7.1. Definition. We represent the natural numbers in the λ-
al
ulus as

Chur
h numerals:

cn = λfx.fn(x),

where fn(x) abbreviates f(f(· · · (x) · · · )) with n o

urren
es of f . Sometimes

we write n for cn, so that for instan
e

0 = λfx.x;
1 = λfx.fx;
2 = λfx.f(fx).

1.7.2. Definition. A partial fun
tion f : N
k → N is λ-de�nable i� there is

an F ∈ Λ su
h that:

• If f(n1, . . . , nk) = m then Fcn1
. . . cnk

=β cm.

• If f(n1, . . . , nk) is unde�ned then Fcn1
. . . cnk

has no normal form.

We say that the term F de�nes the fun
tion f .

Remark. If F de�nes f , then in fa
t F cn1
. . . cnk

։β cf(n1,...,nk).

1.7.3. Example. The following terms de�ne a few 
ommonly used fun
tions.

• Su

essor: succ = λnfx.f(nfx).

• Addition: add = λmnfx.mf(nfx).

• Multipli
ation: mult = λmnfx.m(nf)x.

• Exponentiation: exp = λmnfx.mnfx.

• The 
onstant zero fun
tion: zero = λm.0.

• The i-th proje
tion of k-arguments: Πk
i = λm1 . . . mk.mi.

We show that all partial re
ursive fun
tions are λ-de�nable.

1.7.4. Proposition. The primitive re
ursive fun
tions are λ-de�nable.

Proof. It follows from Example 1.7.3 that the initial fun
tions are de�nable.

It should also be obvious that the 
lass of λ-de�nable total fun
tions is 
losed

under 
omposition. It remains to show that λ-de�nability is 
losed under

primitive re
ursion. Assume that f is given by

f(0, n1, . . . , nm) = g(n1, . . . , nm);
f(n + 1, n1, . . . , nm) = h(f(n, n1, . . . , nm), n, n1, . . . , nm),
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where g and h are λ-de�nable by G and H. De�ne auxiliary terms

Init = 〈0, Gx1 . . . xm〉.
Step = λp.〈succ(π1p),H(π2p)(π1p)x1 . . . xm〉;

The fun
tion f is then λ-de�nable by

F = λxx1 . . . xm.π2(xStep Init).

This expresses the following algorithm: Generate a sequen
e of pairs

(0, a0), (1, a1), . . . , (n, an),

where a0 = g(n1, . . . , nm) and ai+1 = h(ai, i, n1, . . . , nm), so at the end of

the sequen
e, we have an = f(n, n1, . . . , nm). ⊓⊔

1.7.5. Theorem. All partial re
ursive fun
tions are λ-de�nable.

Proof. Let f be a partial re
ursive fun
tion. By Theorem A.3.8

f(n1, . . . , nm) = ℓ(µy[g(y, n1, . . . , nm) = 0]),

where g and ℓ are primitive re
ursive. We show that f is λ-de�nable. For

this, we �rst de�ne a test for zero:

zero? = λx.x(λy.false)true.

By Proposition 1.7.4, the fun
tions g and ℓ are de�nable by some terms G

and L, respe
tively. Let

W = λy. if zero?(Gyx1 . . . xm) then λw.Ly else λw.w(succ y)w.

Note that x1, . . . , xm are free in W . The following term de�nes f :

F = λx1. . . . λxm.Wc0W.

Indeed, take any n1, . . . , nm and let ~c = cn1
. . . cnm

. Then

F~c ։β W ′
c0W

′,

where W ′ = W [~x := ~c ]. Suppose that g(n, n1, . . . , nm) = 0, and n is the

least number with this property. Then

W ′
c0W

′
։β W ′

c1W
′
։β · · · ։β W ′

cnW ′
։β Lcn ։β cℓ(n).

It remains to see what happens when the minimum is not de�ned. Then we

have the following in�nite quasi-leftmost redu
tion sequen
e

W ′
c0W

′
։β W ′

c1W
′
։β W ′

c2W
′
։β · · ·

so Corollary 1.5.12 implies that F~c has no normal form. ⊓⊔
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1.7.6. Remark. A 
lose inspe
tion of the proof of Theorem 1.7.5 reveals

that it shows more than stated in the theorem: For every partial re
ursive

fun
tion f : N
m → N, there is a de�ning term F su
h that every appli
a-

tion Fcn1
. . . cnm

is uniformly normalizing, i.e. either strongly normalizing or

without normal form. The details of this 
laim 
an be found in Exer
ise 1.21.

1.7.7. Corollary. The following problems are unde
idable:

(i) Given M ∈ Λ, does M have a normal form?

(ii) Given M ∈ Λ, is M strongly normalizing?

Proof. For (i), suppose we have an algorithm to de
ide whether any term

has a normal form. Take any re
ursively enumerable set A ⊆ N that is not

re
ursive, and let f be a partial re
ursive fun
tion with domain A. Clearly,

f is λ-de�nable by some term F . Now, for a given n ∈ N, we 
an e�e
tively

de
ide whether n ∈ A by 
he
king whether the term Fn has a normal form.

Part (ii) now follows from Remark 1.7.6. ⊓⊔

1.8. Notes

The λ-
al
ulus and the related systems of 
ombinatory logi
 were introdu
ed around

1930 by Alonzo Chur
h [73, 74℄ and Haskell B. Curry [101, 102, 104℄, respe
tively.

From the beginning, the 
al
uli were parts of systems intended to be a foundation

for logi
. Unfortunately, Chur
h's students Kleene and Rosser [277℄ dis
overed in

1935 that the original systems were in
onsistent, and Curry [106℄ simpli�ed the re-

sult, whi
h be
ame known as Curry's paradox. Consequently, the subsystem dealing

with λ-terms, redu
tion, and 
onversion, i.e. what we 
all λ-
al
ulus, was studied

independently.

The notions of λ-binding and α-
onvertible terms are intuitively very 
lear, but

we have seen in Se
tion 1.2 that various te
hni
al di�
ulties must be over
ome

in order to handle them properly. This issue be
omes espe
ially vital when one

fa
es the problem of a pra
ti
al implementation. A 
lassi
al solution [63℄ is to use

a nameless representation of variables (so 
alled de Bruijn indi
es). For more on

this and related subje
ts, see e.g. [403, 406, 412℄.

The Chur
h-Rosser theorem, whi
h 
an be seen as a 
onsisten
y result for the

λ-
al
ulus, was proved in 1936 by Chur
h and Rosser [80℄. Many proofs appeared

later. Barendregt [36℄ 
ites Tait and Martin-Löf for the te
hnique using parallel

redu
tions; our proof is from Takahashi [481℄. Proofs of the Chur
h-Rosser theorem

and an extension of Theorem 1.5.8 for βη-redu
tions 
an also be found there.

Chur
h and Rosser [80℄ also proved the 
onservation theorem for λI-terms

(whi
h is sometimes 
alled the se
ond Chur
h-Rosser theorem). Again, many di�er-

ent proofs have appeared. Our proof uses the e�e
tive perpetual strategy from [36℄,

and the fa
t, also noted in [424℄, that the perpetual strategy always 
ontra
ts the

leftmost redex, when applied to a λI-term. More about perpetual strategies and

their use in proving 
onservation theorems 
an be found in [418℄ and [371℄.

The λ-
al
ulus turned out to be useful for formalizing the intuitive notion of

e�e
tive 
omputability. Kleene [273℄ showed that every partial re
ursive fun
tion
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was λ-de�nable and vi
e versa. This led Chur
h to 
onje
ture that λ-de�nability is

an appropriate formalization of the intuitive notion of e�e
tive 
omputability [76℄,

whi
h be
ame known as Chur
h's thesis.

The problems of de
iding membership of WNβ and SNβ 
an be seen as variants

of the halting problem. Chur
h [75, 76℄ inferred from the former his 
elebrated the-

orem stating that �rst-order arithmeti
 is unde
idable, as well as the unde
idability

of the Ents
heidungsproblem (the �de
ision problem� for �rst-order logi
), results

that were �in the air� in this period [167℄.

Curry and his 
o-workers 
ontinued the work on illative 
ombinatory logi


[110, 111℄, i.e. logi
al systems in
luding formulas as well as 
ombinators and types.

The 
al
ulus of 
ombinators was then studied as an independent subje
t, and

a wealth of results was obtained. For instan
e, the theorem about leftmost re-

du
tions is from [110℄. Like many other 
lassi
al results in λ-
al
ulus it has been

proved in many di�erent ways ever sin
e; our proof is taken from [481℄.

With the invention of 
omputing ma
hinery 
ame also programming languages.

Already in the 1960's λ-
al
ulus was re
ognized as a useful tool in the design,

implementation, and theory of programming languages [302℄. In parti
ular, type-

free λ-
al
ulus 
onstitutes a model of untyped fun
tional programming languages,

e.g. S
heme [3℄ and Lisp [204℄, while typed 
al
uli 
orrespond to fun
tional lan-

guages like Haskell [489℄ and ML [398℄.

The 
lassi
 texts on type-free λ-
al
ulus are [244℄ and [36℄. First-hand histori-


al information may be obtained from Curry and Feys' book [110℄, whi
h 
ontains

a wealth of histori
al information, and from Rosser and Kleene's eyewitness state-

ments [276, 432℄. Other interesting papers are [30, 241℄.

1.9. Exer
ises

1.1. For a pre-term M , the dire
ted labeled graph G(M) is de�ned by indu
tion.

• If M = x then G(M) has a single root node labeled x and no edges.

• If M = PQ then G(M) is obtained from the union of G(P ) and G(Q) by

adding a new initial (root) node labeled �. This node has two out
oming

edges: to the root nodes of G(P ) and G(Q).

• If M = λxP then G(M) is obtained from G(P ) by

� Adding a new root node labeled λx, and an edge from there to the root

node of G(P );

� Adding edges to the new root from all �nal nodes labeled x.

For a given graph G, let erase(G) be a graph obtained from G by deleting all

labels from the variable nodes that are not �nal and renaming every label λx, for

some variable x, to λ. Prove that the 
onditions erase(G(M)) = erase(G(N)) and
M =α N are equivalent for all M, N ∈ Λ−

.

1.2. Modify De�nition 1.2.4 so that the operation M [x := N ] is de�ned for all

M, N and x. Then prove that M [x := N ] =α M ′[x := N ′] holds for all M =α M ′

and N =α N ′
(
f. Lemma 1.2.11).

1.3. Let ~x ∈ Υ and

~N ∈ Λ be �xed. Show that De�nition 1.2.21 determines a total

fun
tion from Λ to Λ. Hint: Rewrite the de�nition as a relation r ⊆ Λ × Λ and
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show that for every M ∈ Λ there is exa
tly one L ∈ Λ su
h that r(M, L). It may

be bene�
ial to show uniqueness and existen
e separately.

1.4. Prove that if (λxP )Q = (λyM)N then P [x := Q] = M [y := N ]. In other

words, the 
ontra
tion of a given redex yields a unique result.

1.5. Show that M is in normal form if and only if M is either a variable or an

abstra
tion λxM ′
, where M ′

is normal, or M = M ′[x := yN ], for some normal

forms M ′
and N , and some x o

urring free exa
tly on
e in M ′

.

1.6. Show that every term is strongly normalizing with respe
t to eta-redu
tions.

1.7. Whi
h of the following are true?

(i) λx.Mx =β M , for any abstra
tion M with x 6∈ FV(M).

(ii) λxΩ =β Ω.

(iii) (λx.xx)(λxy.y(xx)) =β (λx.xIx)(λzxy.y(xzx)).

1.8. Prove the weak Chur
h-Rosser theorem: For all M1, M2, M3 ∈ Λ, if M1 →β M2

and M1 →β M3, then there is M4 ∈ Λ with M2 ։β M4 and M3 ։β M4. Do not

use the Chur
h-Rosser theorem.

1.9. Whi
h of the following are true?

(i) II(II) ⇒β II.

(ii) II(II) ⇒β I.

(iii) IIII ⇒β III.

(iv) IIII ⇒β I.

1.10. Find terms M, N su
h that M ⇒β N and M
i
։β N , but not M

i
⇒β N .

1.11. Find terms M, N su
h that M
i
→β N and M

h
→β N both hold.

1.12. Let M →β F∞(M)→β F∞(F∞(M))→β · · ·→β Fn
∞

(M), where Fn
∞

(M) ∈ NF.

Show that there is no redu
tion from M with more than n redu
tion steps. Hint:

Generalize Lemma 1.6.2 to show that

lβ((λx.P )Q~R) = lβ(P [x := Q]~R) + ǫ(P ) · lβ(Q) + 1,

where lβ(M) denotes the length of the longest redu
tion sequen
e from M and ǫ(P )
is 1 if x 6∈ FV(P ) and 0 else. Show that lβ(M) = 1 + lβ(F∞(M)), if M 6∈ NF.

1.13. Show that there is no total 
omputable l : Λ → N su
h that, for all M ∈ SNβ ,

l(M) ≥ lβ(M),

where lβ(M) is as in the Exer
ise 1.12. Hint: That would imply de
idability of SN.

1.14. Consider the �xed point 
ombinator:

Y = λf.(λx.f(xx))(λx.f(xx)).

Show that F (YF ) =β YF holds for all F . (Thus in the untyped lambda-
al
ulus

every �xpoint equation X = FX has a solution.)

1.15. Let M be any other �xed point 
ombinator, i.e. assume that F (MF ) =β MF

holds for all F . Show that M has no normal form.

1.16. De�ne the prede
essor fun
tion in the untyped lambda-
al
ulus.
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1.17. (B. Maurey, J.-L. Krivine.) Let C = λxy.(xF (λz1))(yF (λz0)), where

F = λfg.gf . Show that C de�nes the fun
tion

c(m, n) =

{

1, if m ≤ n;
0, otherwise.

How many steps are needed to redu
e Ccmcn to normal form? Will the same hold

if we de�ne c using Proposition 1.7.4?

1.18. (From [78℄.) Find λI-terms P1, P2 (proje
tions) su
h that P1〈cm, cn〉 =β cm

and P2〈cm, cn〉 =β cn, for all m, n.

1.19. Show that the following fun
tions are λ-de�nable:

• For ea
h n, the fun
tion f(i, m1, . . . , mn) = mi.

• Integer division, i.e. a fun
tion f su
h that f(mn, m) = n, for all m, n 6= 0.

• Integer square root, i.e. a fun
tion f su
h that f(n2) = n, for all n.

1.20. Assume that M ։β z. Show that if M [z := λxN ] ։β λuQ, where N is

normal, then λuQ = λxN . Will this remain true if we repla
e ։β by ։βη?

1.21. For n ∈ N put dn = succn(c0). Assume the following:

4

Every primitive re
ursive fun
tion is de�nable by a term F su
h that

all appli
ations Fdn1
. . . dnm

(λv. false)true are strongly normalizing.

Prove the 
laim in Remark 1.7.6. Hint: Use Exer
ise 1.20.

1.22. Prove that β-equality is unde
idable. Hint: See Corollary 1.7.7(i).

4

The proof of this is beyond our rea
h at the moment. We return to it in Exer
ise 11.26.
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