Chapter 1

Type-free A-calculus

The A-calculus is a model of computation. It was introduced a few years
before another such model, Turing machines. With the latter, computation
is expressed by reading from and writing to a tape, and performing actions
depending on the contents of the tape. Turing machines resemble programs
in imperative programming languages, like Java or C.

In contrast, in A-calculus one is concerned with functions, and these may
both take other functions as arguments, and return functions as results. In
programming terms, A-calculus is an extremely simple higher-order, func-
tional programming language.

In this chapter we only cover the type-free or untyped A-calculus. Later we
introduce several variants where A-terms are categorized into various types.

1.1. A gentle introduction

Computation in A-calculus is expressed with A-terms. These are similar to the
nameless function notation n — n? used in mathematics. However, a math-
ematician employs the latter notation to denote functions as mathematical
objects (defined as sets of pairs). In contrast, A-terms are formal expressions
(strings) which, intuitively, express functions and applications of functions
in a pure form. Thus, a A-term is one of the following:

e a variable;

e an abstraction Ax M, where x is a variable and M is a A-term;

e an application MN (of M to N), where M and N are \-terms.
In an abstraction Az M, the variable x represents the function argument
(or formal parameter), and it may occur in the body M of the function, but

it does not have to. In an application M N there is no restriction on the
shape of the operator M or the argument N; both can be arbitrary A-terms.
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For instance, the A-term I = Az z intuitively denotes a function that
maps any argument to itself, i.e. the identity function. As another example,
K = AxAyx represents a function mapping any argument x to the constant
function that always returns z. Finally, IK expresses application of the func-
tion I to the argument K.

In mathematics we usually write the application of a function, say f, to
an argument, say 4, with the argument in parentheses: f(4). In the A-calculus
we would rather write this as f4. The use of parentheses cannot be entirely
eliminated though. For instance, the notation Axxy would be ambiguous,
and we should instead write either (Azz)y if we mean an application of I
to y, or Ax(xy) to denote an abstraction on x with the body zy. In the latter
case, it is customary to use dot notation, i.e. to write Ax.xy instead. Similarly
we may need parentheses to disambiguate applications; for instance, I(KK)
expresses application of I to KK

If Az M denotes a function, and N denotes an argument, the “value” of
the application (Ax M )N can be calculated by substituting N for x in M. The
result of such a substitution is denoted by M|z := N], and we formalize the
calculation by the f-reduction rule: (AzM)N —3 M|z := N]. For instance,

(IK)z = (Az2)K)z —g z[z .= K]z = Kz = (AyAzy)z —p Az 2.

This process of calculating the value of an expression is similar to common
practice in mathematics; if f(n) = n?, then f(4) = 42, and we get from
the application f(4) to the result 42 by substituting 4 for n in the body of
the definition of f. A programming language analogue is the call-by-name
parameter passing mechanism, where the formal parameter of a procedure
is replaced throughout by the actual parameter expression.

The variable z in a A-abstraction Az M is bound (or local) within M in
much the same way a formal parameter of a procedure is considered local
within that procedure. In contrast, a variable y without a corresponding
abstraction is called free (or global) and is similar to a global variable in
most programming languages. Thus, x is bound and y is free in Az.xy.

Some confusion may arise when we use the same name for bound and
free variables. For example, in x(Az.zy), there are obviously two different
x’s: the free (global) x, and the bound (local) x, which is “shadowing” the
free one in the body. If we instead consider the A-term z(Az.zy), there is no
confusion. As another example of confusion, (Ax.zy)[y := x| should replace
y in (Az.zy) by a free variable x, but Az.xzz is not the desired result. In the
latter term we have lost the distinction between the formal parameter x and
the free variable z (the free variable has been captured by the lambda). If we
use a bound variable z, the confusion disappears: (Az.zy)[y := z] = Az.zz.

A local variable of a procedure can always be renamed without affecting
the meaning of the program. Similarly, in A-calculus we do not care about the
names of bound variables; the A-terms Az x and Ayy both denote the identity
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function. Because of this, it is usually assumed that terms that differ only in
their bound variables are identified. This gives the freedom to choose bound
variables so as to avoid any confusion, e.g. variable capture.

1.2. Pre-terms and )\-terms

We now define the notion of a pre-term and introduce A-terms as equivalence
classes of pre-terms. The section is rather dull, but necessary to make our
formalism precise. However, to understand most of the book, the informal
understanding of A-terms of the preceding section suffices.

1.2.1. DEFINITION. Let Y denote a countably infinite set of symbols, hence-
forth called wvariables (also object variables or A-variables when other kinds
of variables may cause ambiguity). We define the notion of a pre-term by
induction as follows:

e Every variable is a pre-term.
e If M, N are pre-terms, then (M N) is a pre-term.
e If z is a variable and M is a pre-term, then (AxM) is a pre-term.

The set of all pre-terms is denoted by A™.

REMARK. The definition can be summarized by the following grammar:
M=z | (MM)|(AzM).

In the remainder of the book, we will often use this short style of definition.

Pre-terms, as defined above, are fully parenthesized. As the pre-term
Af((Au(f(uw)))(Av(f(vv))))) demonstrates, the heavy use of parentheses
is rather cumbersome. We therefore introduce some notational conventions,
which are used informally whenever no ambiguity or confusion can arise.

1.2.2. CONVENTION.
(i) The outermost parentheses in a term are omitted.
(ii) Application associates to the left: ((PQ)R) is abbreviated (PQR).
(iii) Abstraction associates to the right: (Az(AyP)) is abbreviated (Az\yP).

)
(iv) A sequence of abstractions (Az1(Azz... (Az, P)...)), can be written as
(Ax129...2,. P), in which case the outermost parentheses in P (if any)
are usually omitted.'

! The dot represents a left parenthesis whose scope extends as far to the right as possible.
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EXAMPLE.
[ ]

v(vv)) may be abbreviated Av(vv) by (i).

(A
e (((Azx)(Ayy))(Azz)) may be abbreviated (Azx)(Ayy)(Azz) by (i), (ii).
(Az(Ay(zy))) is written AzAy(zy) by (i), (iii) or as Azy.xy by (i), (iv).
o (Af((Au(f(uw)))(Av(f(vw))))) is written Af.(Au. f(uw))(Av. f(vv)).
1.2.3. DEFINITION. Define the set FV(M) of free variables of M as follows.
FV(z) = {z}

FV(AxP) = FV(P)-—{z};

FV(PQ) FV(P) UFV(Q).

EXAMPLE. Let z,y, z be distinct variables; then FV((Azx)(\y.zyz)) = {z, z}.
There are two occurrences of x: one under Az and one under Ay. An occur-
rence of x in M is called bound if it is in a part of M with shape AxL, and
free otherwise. Then x € FV(M) iff there is a free occurrence of x in M.

We now define substitution of pre-terms. It will only be defined when no
variable is captured as a result of the substitution.

1.2.4. DEFINITION. The substitution of N for x in M, written M|z := NJ,
is defined iff no free occurrence of x in M is in a part of M with form AyL,
where y € FV(N). In such cases M[z := N] is given by:?

z[lr:=N] = N;

[(L':N] = y, ffz#y;
(PQ)lt =N] = Plzi= N|Qlz = N}
(AxP)[z:= N] = X\xP;
(AyP)[x :=N|] = MyPlz:=NJ], ifz #y.

REMARK. In the last clause, y ¢ FV(NN) or z € FV(P).

1.2.5. LEMMA.
(i) If x € FV(M) then M[x := N| is defined, and M[x := N| = M.

(ii) If M[z := N] is defined then y € FV(M [z := N]) iff either y € FV(M)
and x #y or both y € FV(N) and z € FV(M).

(iii) The substitution Mz := x| is defined and M[x := z] = M.

(iv) If Mz := y] is defined, then M[x := y] is of the same length as M.

In our meta-notation, substitution binds stronger than anything else, so in the third
clause the rightmost substitution applies to @, not to Pz := N| Q.
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PROOF. Induction on M. As an example we show (i) in some detail. It is
clear that M[z := N] is defined. To show that M[x := N| = M consider
the following cases. If M is a variable y, then we must have y # x, and
ylx* == N] = y. If M = PQ then z ¢ FV(P) and =z ¢ FV(Q), so by
the induction hypothesis Pz := N] = P and Q[z := N] = Q. Then also
(PQ)[x := N| = Pz := N]Qx := N| = PQ. Finally, if M is an abstraction,
we may have either M = AxP or M = AyP, where x # y. In the former
case, (A\xP)[z := N| = AzP. In the latter case, we have x € FV(P), so by
the induction hypothesis (A\yP)[x := N] = A\yP[z := N] = \yP. O

1.2.6. LEMMA. Assume that M[x := N] is defined, and both N[y := L] and
Mz := Nlly := L] are defined, where x # y. If v ¢ FV(L) or y & FV(M)
then My := L] is defined, M|y := L|[x := N[y := L]|] is defined, and

Mz := Nlly := L] = M|y := L][z := Ny := L]]. (%)

PRrROOF. Induction on M. The main case is when M = \zQ, for z & {z,y}.
By the assumptions

(i) z g FV(L) or y & FV(Q);
(ii) z € FV(N) or = € FV(Q);
(iii) z € FV(L) or y € FV(Q|x := N)).

For the “defined” part, it remains, by the induction hypothesis, to show:

e 2 ¢ FV(L) or y € FV(Q);
e 2 ¢ FV(Ny:=L]) or x € FV(Qy := L]).

For the first property, if z € FV(L), then y € FV(Q[x := N]), so y € FV(Q).
For the second property, assume = € FV(Q[y := L]). From (i) we have
x € FV(Q), thus z € FV(N) by (ii). Therefore z € FV(N[y := L]) could only
happen when y € FV(N) and z € FV(L). Together with € FV(Q) this
contradicts (iii). Now (k) follows from the induction hypothesis. 0

A special case of the lemma is Mz := y|[y := L] = M|z := L], if the
substitutions are defined and y ¢ FV(M).

1.2.7. LEMMA. If M[z:=y] is defined and y ¢ FV(M) then M [z:=y|[y:=x]
is defined, and M [z:=y|[y:=z] = M.

PrROOF. By induction with respect to M one shows that the substitution is
defined. The equation follows from Lemmas 1.2.5(iii) and 1.2.6. O

The next definition formalizes the idea of identifying expressions that
“differ only in their bound variables.”
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1.2.8. DEFINITION. The relation =, (a-conversion) is the least (i.e. smallest)
transitive and reflexive relation on A~ satisfying the following.

o If y  FV(M) and M|z := y] is defined then Az M =, \y. M[z := y].
o If M =, N then \x M =, Ax N, for all variables .
e If M =, N then MZ —, NZ.

o If M =, N then ZM =, ZN.

ExaMPLE. Let x,y be different variables. Then Axy.xy =, Ayz.yz, but
AL.2Y Fo \Y.YT.

By Lemma 1.2.7 the relation =, is symmetric, so we easily obtain:
1.2.9. LEMMA. The relation of a-conversion is an equivalence relation.

Strictly speaking, the omitted proof of Lemma 1.2.9 should go by induc-
tion with respect to the definition of =,. We prove the next lemma in more
detail, to demonstrate this approach.

1.2.10. LEMMA. If M =, N then FV(M) = FV(N).

PRroOF. Induction on the definition of M =, N. If M =, N follows from
transitivity, i.e. M =, L and L =, N, for some L, then by the induction
hypothesis FV(M) = FV(L) and FV(L) = FV(N). If M = N (i.e. M =, N
by reflexivity) then FV(N) = FV(M). If M = AzP and N = A\y.Plx := y],
where y ¢ FV(P) and P[z := y] is defined, then by Lemma 1.2.5 we have
FV(M) =FV(P) — {z} =FV(P[z :=y|) —{y} = FV(N). If M = AzP and
N = \zQ, where P =, @, then by the induction hypothesis FV(P) = FV(Q),
so FV(M) = FV(N). If M = PZ and N = QZ, or M = ZP and N = ZQ,
where P =, @), then we use the induction hypothesis. O

1.2.11. LeMMA. IfM =, M’ and N =, N’ then M|z := N| =, M'[z := N'],
provided both sides are defined.

PROOF. By induction on the definition of M =, M’'. If M = M’ then
proceed by induction on M. The only other interesting case is when we have
M = XzP and M’ = A\y.P[z := y], where y ¢ FV(P), and P[z := y] is
defined. If z = z, then z ¢ FV(M) = FV(M’) by Lemma 1.2.10. Hence
Mz := N =M =, M’ = M'[x := N’| by Lemma 1.2.5. The case z = y
is similar. So assume z ¢ {y, z}. Since M|z := N] is defined, x ¢ FV(P) or
z ¢ FV(N). In the former case M[z := N| = AzP and = ¢ FV(P[z := y]),
so M'[z := N'| = M\y.P|z := y] =4 2. P.

It remains to consider the case when z € FV(P) and z ¢ FV(IV). Since
M'[z :== N'] = (A\y.P[z := y])[z := N'] is defined, we have y & FV(N’),
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and thus also y € FV(P[z := N']). By Lemma 1.2.6 it then follows that
M'[z:=N'] = M\y.Plz:=y|[z:=N'] = A\y.Plz:=N'][z:=y] =4 M\z.P[z:=N'].
By the induction hypothesis A\z.P[x:=N'] =4 \z.P[z:=N| =M[z:=N]. O

1.2.12. LEMMA.

(i) For all M, N and x, there exists an M’ such that M =, M’ and the
substitution M'[x := N| is defined.

(ii) For all pre-terms M, N, P, and all variables x,y, there exists M’ N’
such that M' =, M, N' =, N, and the substitutions M'[z := N'] and
M'[x .= N'|[y := P] are defined.

PROOF. Induction on M. The only interesting case in part (i) is M = Ay P
and x # y. Let z be a variable different from x, not free in N, and not
occurring in P at all. Then Ply := z] is defined. By the induction hypothesis
applied to Ply := z], there is a P’ with P’ =, P[y := 2| and such that the
substitution P’'[z := N] is defined. Take M’ = A\zP’. Then M’ =, M and
M'[z:=N] = Az.P'[x:=N] is defined. The proof of part (ii) is similar. 0

1.2.13. LEMMA.
(i) If MN =, R then R= M'N', where M =, M' and N =, N'.

(ii) If \e P =, R, then R = \yQ, for some Q, and there is a term P’ with
P =, P’ such that P'[z :=y] =, Q.

ProOF. Part (i) is by induction with respect to the definition of M N =, R.
Part (ii) follows in a similar style. The main case in the proof is transitiv-
ity. Assume AxP =, R follows from AxP =, M and M =, R. By the
induction hypothesis, we have M = AzN and R = Ay(Q, and there are
P' =, P and N’ =, N such that P'[x := 2] =, N and N'[z := y] =, Q. By
Lemma 1.2.12(ii) there is P” =, P with P"[z := z] and P"[x := z][z := y]
defined. Then by Lemma 1.2.11, we have P"[z := z] =, N =, N’ and thus
also P’z := z][z := y] =4 Q. And P"[x := z][z := y] = P'[x := y] by
Lemmas 1.2.5(iii) and 1.2.6. (Note that z ¢ FV(P") or x = z.) 0

We are ready to define the true objects of interest: A-terms.
1.2.14. DEFINITION. Define the set A of A-terms as the quotient set of =,:
A = {[M]a|MeA}

where3 [M], = {N € A~ | M =, N}.

3For simplicity we write [M], instead of [M]=,,.
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ExaMPLE. Thus, for every variable z, the string Axx is a pre-term, while
I = [Azz], = {\zz, A\yy, ...}, where z,y, ... are all the variables, is a A-term.

WARNING. The notion of a pre-term and the explicit distinction between
pre-terms and A-terms are not standard in the literature. Rather, it is cus-
tomary to call our pre-terms A-terms and remark that “a-equivalent terms
are identified” (cf. the preceding section).

We can now “lift” the notions of free variables and substitution.

1.2.15. DEFINITION. The free variables FV(M) of a A-term M are defined
as follows. Let M = [M'],. Then

FV(M) =FV(M'). (%)
If FV(M) = @ then we say that M is closed or that it is a combinator.

Lemma 1.2.10 ensures that any choice of M’ yields the same result.

1.2.16. DEFINITION. For A-terms M and N, we define M [z := N] as follows.
Let M = [M'], and N = [N'],, where M'[x := N'] is defined. Then

Mz := N] = [M'[z := N']]a.
Here Lemma 1.2.11 ensures that any choice of M’ and N’ yields the same

result, and Lemma 1.2.12 guarantees that suitable M’ and N’ can be chosen.
The term formation operations can themselves be lifted.

1.2.17. NOTATION. Let P and @ be A-terms, and let « be a variable. Then
PQ, AxP, and x denote the following unique A-terms:

PQ = [P'Qs, where [P'], =P and [Q], = Q;
AP = [\xP'|,, where [P],=P;
x = [z]a.

Using this notation, we can show that the equations defining free variables
and substitution for pre-terms also hold for A-terms. We omit the easy proofs.

1.2.18. LEMMA. The following equations are valid:

FV(z) = {z}
FV(AxP) = FV(P)—-{z}
FV(PQ) = FV(P)UFV(Q).

1.2.19. LEMMA. The following equations on A-terms are valid:

z[zr = N] = N;

ylr:= Nl =y, ifz # y;
(PQ)[z := N] = Plz := N] Q[z := N;
(AyP)[z := N] = Ay.Plx := NJ,

where x # y and y & FV(N) in the last clause.
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The next lemma, “lifts” a few properties of pre-terms to the level of terms.

1.2.20. LEMMA. Let P,Q, R, L be A-terms. Then
(i) AeP = A\y.Plz =1y, if y € FV(P).
(i) Plz:=Qlly = R] = Ply = Rllz:=Qly =R, if y # z ¢ FV(R).
(iii) Plz:=y]ly = Q] =Plz:=Q], ify ¢ FV(P).
(iv) If PQ = RL then P =R and Q = L.

(v) If \yP = \zQ, then Ply :=z] = Q and Q[z :=y] = P.
PROOF. An easy consequence of Lemmas 1.2.6 and 1.2.11-1.2.13. ad

From now on, expressions involving abstractions, applications, and vari-
ables are always understood as A-terms, as defined in Notation 1.2.17. In
particular, with the present machinery at hand, we can formulate definitions
by induction on the structure of A-terms, rather than first introducing the
relevant notions for pre-terms and then lifting. The following definition is
the first example of this; its correctness is established in Exercise 1.3.

1.2.21. DEFINITION. For M,]\_f € A and distinct variables & € T, the simul-
taneous substitution of N for & in M is the term M|[Z := N], such that

y @ :]\7] =y, if y# x;, for all 4
(PQ)[ = N = Plz == NIQJ# = N}
(AyP)[Z := N| = \y.P[Z := NJ,

where, in the last clause, y # z; and y € FV(N;), for all i.

OTHER SYNTAX. In this book we define many different languages (logics
and A-calculi) with various binding operators (e.g. quantifiers). Expressions
(terms, formulas, types etc.) that differ only in their bound variables are
always identified as we just did it in the untyped A-calculus. However, in
order not to exhaust the reader, we generally present the syntax in a slightly
informal manner, thus avoiding the explicit introduction of “pre-expressions.”

In all such cases, however, we actually have to deal with equivalence
classes of some a-conversion relation, and a precise definition of the syntax
must take this into account. We believe that the reader is able in each case
to reconstruct all missing details of such a definition.
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1.3. Reduction

1.3.1. DEFINITION. A relation > on A is compatible iff it satisfies the follow-
ing conditions for all M, N,Z € A.
(i) If M > N then \aM > Az N, for all variables z.
(ii) If M > N then MZ - NZ.
(i) If M > N then ZM >~ ZM.

1.3.2. DEFINITION. The least compatible relation —3 on A satisfying
(Az.P)Q —p Plz := Q]

is called S-reduction. A term of form (AxP)Q is called a [-redex, and the
term Pz := Q)] is said to arise by contracting the redex. A A-term M is
in B-normal form (notation M € NFp) iff there is no N such that M —3 N,
i.e. M does not contain a [-redex.

1.3.3. DEFINITION.

(i) The relation —g (multi-step B3-reduction) is the transitive and reflexive
closure of —3. The transitive closure of — g3 is denoted by —»E.

(ii) The relation =3 (called 3-equality or 3-conversion) is the least equiva-
lence relation containing — 3.
(iii) A [-reduction sequence is a finite or infinite sequence

M0—>5M1 —>5M2 y 7/

1.3.4. REMARK. The above notation applies in general: for any relation —.,
the symbol —1 (respectively —»,) denotes the transitive (respectively tran-
sitive and reflexive) closure of —, and the symbol =, is used for the corre-
sponding equivalence. We often omit [ (or in general o) from such notation
when no confusion arises, with one exception: the symbol = without any
qualification always denotes ordinary equality. That is, we write A = B
when A and B denote the same object.

WARNING. In the literature, and contrary to the use in this book, the sym-
bol = is often used for G-equality.

1.3.5. EXAMPLE.
(i
(il

(i

Ar.zx)(Azz) —p (zz)[r = Azz] = (Azz)(Ayy).

Azz)(Ayy) —p 2[z == Ayy] = Ayy.
Av.xx)(Azz) =g Ayy.

) (
) (
) (
) (Aza)yz =g y((Azz)2).

(iv
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1.3.6. EXAMPLE (Some common A-terms).

(i) Let I =Azz, K = Azy.z, and S = Azyz.zz(yz). Then SKK —5 L.
(ii) Let w = Az.zx and @ =ww. Then @ =32 -3 Q —p---.

(iii) Let Y = Af.(Az.f(zz))(Az.f(zz)). Then Y —3 Y —3Y" —5 ---,
where Y,Y’',Y”,... are all different.

1.3.7. REMARK. A term is in normal form iff it is an abstraction Az M,
where M is in normal form, or it is x My ... M,,, where n > 0 and all M; are
in normal form (“if” is obvious and “only if” is by induction on the length
of M). Even more compact: a normal form is Ay; ... Ym.x My ... M, where
m,n > 0 and all M; are normal forms.

The following little properties are constantly used.
1.3.8. LEMMA.
(i) If N —3 N’ then M[x := N] -3 M[z := N'].
(ii) If M —g M’ then Mz := N] —g M'[z := N].
PRrROOF. By induction on M and M —g M’ using Lemma 1.2.20. O

In addition to G-reduction, other notions of reduction are considered in
the A-calculus. In particular, we have n-reduction.

1.3.9. DEFINITION. Let —,, denote the least compatible relation satisfying
e Mx —, M, ifx g FV(M).
The symbol — g, denotes the union of —g and —,.

REMARK. In general, when we have compatible relations —g and —¢, the
union is written — gg. Similar notation is used for more than two relations.

The motivation for this notion of reduction (and the associated notion of
equality) is, informally speaking, that two functions should be considered
equal if they yield equal results whenever applied to equal arguments. Indeed:

1.3.10. PROPOSITION. Let =, be the least equivalence relation such that:
o If M =3 N, then M =¢5y N;
o If Mx =cpy Nx and x ¢ FV(M)U FV(N), then M =,y N;
o I[fP = Q, then PZ =.4 QZ and ZP =y ZQ).

Then M =cpy N iff M =g, N.
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PROOF. The implication from left to right is by induction on the definition
of M =¢; N, and from right to left is by induction with respect to the
definition of M =g, IN. Note that the definition of =;; does not include the
rule “If P =.;; @ then Az P =, Az Q.” This is no mistake: this property
(known as rule &) follows from the others. 0

We do not take —g, as our standard notion of reduction. We want to
be able to distinguish between two algorithms, even if their input-output
behaviour is the same. Nevertheless, many properties of gn-reduction are
similar to those of g-reduction. For instance, we have the following.

1.3.11. LEMMA. If there is an infinite Bn-reduction sequence starting with
a term M then there is an infinite B-reduction sequence from M.

PROOF. First observe that in an infinite 8n-reduction sequence there must
be infinitely many (-reduction steps (cf. Exercise 1.6). These [-reduction
steps can be “permuted forward”, yielding an infinite [-reduction. Indeed,
by induction with respect to M —, N, one can show that M —, N —g L
implies M —g P —»g, L, for some P. O

OTHER SYNTAX. In the numerous lambda-calculi occurring in the later chap-
ters, many notions introduced here will be used in an analogous way. For
instance, the notion of a compatible relation (Definition 1.3.1) generalizes
naturally to other syntax. A compatible relation “respects” the syntactic con-
structions. Imagine that, in addition to application and abstraction, we have
in our syntax an operation of “acclamation,” written as M!!, i.e. whenever
M is a term, M!! is also a term. Then we should add the clause

o If M = N then M! = NI

to our definition of compatibility. Various additional reduction relations will
also be considered later, and we usually define these by stating one or more
reduction axioms, similar to the g-rule of Definition 1.3.2 and the n-rule of
Definition 1.3.9. In such cases, we usually assume that the reduction relation
is the least compatible relation satisfying the given reduction axiom.

1.4. The Church-Rosser theorem

Since a A-term M may contain several (-redexes, there may be several N
with M —3 N. For instance, K(IT) —g Az.IT and K(II) —3 KI. However,
as shown below, there must be some term to which all such N reduce in one
or more steps. In fact, even if we make several reduction steps, we can still
converge to a common term (possibly using several steps):

L

Ms = My
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This property is known as confluence or the Church-Rosser property. If the
above diagram was correct in a stronger version with — in place of —, then
we could prove the theorem by a diagram chase:

M, : : M,
l _________________ LA S -7
l o

Ms e L L > M,

Unfortunately, our prerequisite fails. For instance, in the diagram

M1 = w(II) wl = MQ

|

M3 = (IT)(IT) - > T(TT) o 1T :V M,

two reductions are needed to get from Ms to My. The problem is that the re-
dex contracted in the reduction from M; to M is duplicated in the reduction
to Ms. We can solve the problem by working with parallel reduction, i.e. an
extension of — g3 allowing such duplications to be contracted in one step.

1.4.1. DEFINITION. Let =3 be the least relation on A such that:

e x =g x for all variables .

o If P=43Q then A\z.P =43 \z.Q).

If P, =3 Q1 and P =3 Q2 then PP =5 Q1(Q2.

If P =3 Q1 and P, =3 Q2 then (Az.P1) P, =5 Q1[z == Q2.

1.4.2. LEMMA.
(i) If M —g N then M =3 N.
(i) If M =3 N then M —3 N.
(iii) If M =3 M’ and N =3 N’ then M[z:=N] =3 M'[z:=N'].

PROOF. (i) is by induction on the definition of M —z N (note that P =3 P
for all P), and (ii), (iii) are by induction on the definition of M =5 M’'. O

1.4.3. DEFINITION. Let M* (the complete development of M) be defined by:

x* =

(AxM)* = dxM*;

(MN)* = M*N*, if M is not an abstraction;
(AMeM)N)* = M*[x:= N*.
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Note that M =-3 N if N arises by reducing some of the redexes present
in M, and that M™* arises by reducing all redexes present in M.

1.4.4. LEMMA. If M =3 N then N =g M*. In particular, if My =3 M>
and My =g M3 then My =3 M{ and M3 =5 M.

PROOF. By induction on the definition of M =3 N, using Lemma 1.4.2. O

1.4.5. THEOREM (Church and Rosser). If My —g My and My —3 M3, then
there is My € A with My —g My and M3 —g Mjy.

ProoF. If My —3 3 M and My —g g M3, the same holds with
= in place of —g. By Lemma 1.4.4 and a diagram chase, My =3 --- =3 My
and M3 =3 - -+ =3 My for some My. Then My —»g My and M3z —g My. O

1.4.6. COROLLARY.

(i) If M =g N, then M —3 L and N —3 L for some L.
(ii) If M —3 N1 and M —g Ny for B-normal forms N1, No, then N1 = N».

(iii) If there are B-normal forms Ly and Ly such that M —3 L1, N —g Lo,
and Ly # Lo, then M #5 N.

PRrROOF. Left to the reader. O

REMARK. One can consider A-calculus as an equational theory, i.e. a formal
theory with formulas of the form M =g N. Part (i) establishes consistency
of this theory, in the following sense: there exists a formula that cannot be
proved, e.g. Azx =g Azy.x cf. Exercise 2.5).

Part (ii) in the corollary is similar to the fact that when we calculate the
value of an arithmetical expression, e.g. (4 +2) - (3 + 7) - 11, the end result
is independent of the order in which we do the calculations.

1.5. Leftmost reductions are normalizing

1.5.1. DEFINITION. A term M is normalizing (notation M € WNy) iff there
is a reduction sequence from M ending in a normal form N. We then say that
M has the normal form N. A term M is strongly normalizing (M € SNg or
just M € SN) if all reduction sequences starting with M are finite. We write
M € oog if M ¢ SNg. Similar notation applies to other notions of reduction.

Any strongly normalizing term is also normalizing, but the converse is
not true, as KIS shows. But Theorem 1.5.8 states that a normal form, if
it exists, can always be found by repeatedly reducing the leftmost redex,
i.e. the redex whose X is the furthest to the left. The following notation and
definition are convenient for proving Theorem 1.5.8.
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VECTOR NOTATION. Let n > 0. If P = Py,..., P, then we write MP for
MP; ... P,. In particular, if n = 0, i.e. P is empty, then MP is just M.
Similarly, if 27 = z1,...,2,, then we write AZ.M for Az;...z,.M. Again,
AZ.M is just M, if n =0, i.e. Z’is empty.

REMARK. Any term has exactly one of the following two forms: A\Z.zR or
AZ.(AzP)QR, in which case (A\zP)Q is called head redex (in the former case,
there is no head redex). Any redex that is not a head redex is called internal.
A head redex is always the leftmost redex, but the leftmost redex in a term
is not necessarily a head redex—it may be internal.

1.5.2. DEFINITION. For a term M not in normal form, we write

o M i>ﬁ N if N arises from M by contracting the leftmost redex.
o M h—>ﬁ N if N arises from M by contracting a head redex.
o M i»ﬁ N if N arises from M by contracting an internal redex.
1.5.3. LEMMA.
(i) If M 25 N then e M ™5 Az N.
(ii) If M Lﬁ N and M is not an abstraction, then ML h—>5 NL.
(iii) If M 25 N then Mz := L] 4 N[z := L.
Proor. Easy. ad

The following technical notions are central in the proof of Theorem 1.5.8.

1.5.4. DEFINITION. We write P =3 @ if P = P,.... P, Q =Q1,...,Qn,

n > 0, and P; =3 Q; for all 1 < j < n. Parallel internal reduction ég is
the least relation on A satisfying the following rules.

o If P =43 @ then \Z.yP %45 A7y Q.

o If P=430Q, 5 =4Tand R =4 U, then A\Z.(A\yS)RP L5 \Z.(\yT)UQ.
REMARK. If M L5 N, then M %5 N. Conversely, if M 5 N, then
M S5 N. Also, if M %5 N, then M =4 N.

1.5.5. DEFINITION. We write M =43 N if there are Mo, M, ..., M, with
M=>M%Ss0 %, By M, 55N

and M; =g N for all i € {0,...,n}, where n > 0.
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1.5.6. LEMMA.

(i) If M =3 M’ then \e M =3 Az M.
(ii) If M =3 M' and N =3 N’', then MN =3 M'N’.
(iii) If M =3 M' and N =3 N’, then M[z := N| =3 M'[z := N'].

PROOF. Part (i) is easy. For (ii), let
M=>MySsdn g g My L5 M

where M; =3 M’ for all i € {0,...,n}. Assume at least one M; is an
abstraction, and let k be the smallest number such that M}, is an abstraction.

Then MyN %5 M'N’. By Lemma 1.5.3:
MN =MN S5 MiN g 2y MN S5 M'N, (%)
where M;N =53 M'N’. If there is no abstraction among M;, 0 < i < n,
then (x) still holds with k = n.
For (iii) first assume M 25 M’. We have either M = AZ.(A\y.P)QR or
M = AZ.yR. In the former case, M’ = AE.(Ay.P’)Q'R”, where P =3 P/,
Q=5Q, and R =5 R'. By Lemma 1.42, M[z := N] &3 M'[z := N'].
In the latter case, M’ = \Z. yR’ We consider two poss1b1l1t1es If x #£ vy,
we proceed as in the case just considered. If z = y, let S and S arise from
R (respectively R') by substituting N (respectively N') for z. By (i), (ii) and

Lemma 1.4.2 we then have M|z := N] = AZ.NS =3 AZ.N'S" = M'[z := N'].
Now consider the general case. By the above and Lemma 1.5.3, we have

Mz := N] = My[z := N]| h—>5 h—»ﬁ M,z := N] =3 M'[z := N'].

Also, M;[z := N| =3 M'[z := N’] holds by Lemma 1.4.2. O
1.5.7. LEMMA.

(i) If M =3 N then M }i»@ L é}ﬁ N for some L.

(i) If M é}g N h—>5 L, then M E»; @) é}ﬁ L for some O.

PrOOF. For (i), show that M =3 N implies M =g N. For (ii), note that
M = \2.(0z.P)QR, N = AzZ.(\z.P")Q'R/, where P =5 P/, Q =5 @', and
R =5 R'. Then L = AZ.P'[z := Q'|R'. Define O = AZ.P[z := Q]R, and we
then have M h—»g O =3 L. Now use (i). 0
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l
1.5.8. THEOREM. If M has normal form N, then M —z N.

Proor. Induction on the length of N. We have M =3 --- =3 N. By
Lemma 1.5.7, the reduction from M to N consists of head reductions and
parallel internal reductions, and the head reductions can be brought to the

h . -
beginning. Thus M ~»3 L —»5 N, where L = AZ.yP and N = \7.yP/,
and where P, has normal form P/. By the induction hypothesis, leftmost

1
reduction of each P; yields P/. Then M —g N. 0

1.5.9. DEFINITION. A reduction strategy F' is a map from A-terms to A-terms
such that F'(M) = M when M is in normal form, and M —g F(M) other-
wise. Such an F'is normalizing if for all M € WNg, there is an 4 such that
F(M) is in normal form.

1.5.10. COROLLARY. Define F;(M) = M for each normal form M, and
F; (M) = N, where M Lﬁ N, otherwise. Then F) is normalizing.

1.5.11. DEFINITION. A reduction sequence is called

e quasi-leftmost if it contains infinitely many leftmost reductions;

e quasi-head if it contains infinitely many head reductions.

1.5.12. COROLLARY. Let M be normalizing. We then have the following.

(i) M has no infinite head-reduction sequence.
(i1) M has no quasi-head reduction sequence.

(iii) M has no quasi-leftmost reduction sequence.

PROOF. Part (i) follows directly from the theorem. For (ii), suppose M has
a quasi-head reduction sequence. By Lemma 1.5.7(ii), we can postpone the
internal reductions in the quasi-head reduction indefinitely to get an infinite
head reduction, contradicting Theorem 1.5.8.

Part (iii) is by induction on the length of the normal form of M. Suppose
M has a quasi-leftmost reduction sequence. By (ii) we may assume that, from
some point on, the quasi-leftmost reduction contains no head reductions. One
of the reductions after this point must be leftmost, so the sequence is

where L; = AZ.yP. Infinitely many of the leftmost steps in (x) must occur

within the same P; and these steps are leftmost relative to P;, contradicting
the induction hypothesis. ad
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1.6. Perpetual reductions and the conservation theorem

Theorem 1.5.8 provides a way to obtain the normal form of a term, when it
exists. There is also a way to awoid the normal form, i.e. to find an infinite
reduction, when one exists.

1.6.1. DEFINITION. Define Fi, : A — A as follows. If M € NFgz then
Foo (M) = M; otherwise

Fro(\Z.2PQR) — M.zPFo(Q)R,  if PeNFzand Q ¢ NFg;
Fro(AZ.(AzP)QR) = MZ.Plz:=QR, if z € FV(P) or Q € NFg;
Foo(AZ. Az P)QR) = A2.(AzP)Fy(Q)R, if z ¢ FV(P) and Q & NFg.

It is easy to see that M — F (M) when M ¢ NFg.

1.6.2. LEMMA. Assume @Q € SNg or x € FV(P). If Plx = Q]E € SNg,
then (\z.P)QR € SNg.

PROOF. Let Plz := QR € SNg. Then P,R € SNs. If 2 ¢ FV(P), then
@ € SNg by assumption. If x € FV(P), then @ is part of Plx := Q]ﬁ, SO
Q € SNg. If ()\x.P)Qﬁ € 00, then any infinite reduction must have form

()\.%'P)Qﬁ —»g3 ()\.%'.P/)Qlﬁ’ —3 Pl[x — Q/]ﬁ/ —g
Then Plz := Q)R —5 Pl := Q'|R' —3 ---, a contradiction. 0
1.6.3. THEOREM. If M € oog then Fuoo (M) € cog.

PRrROOF. By induction on M. If M = Aé’.xﬁ, apply the induction hypothesis
as necessary. We consider the remaining cases in more detail.

CASE 1: M = A\2.(Az.P)QR where = € FV(P) or Q € NFg. Then we have
Foo (M) = X2.P[z := Q]R, and thus F,,(M) € cog, by Lemma 1.6.2.

CASE 2: M = \Z.(Az.P)QR where z ¢ FV(P) and Q € co. Then we have
Foo(M) = M2.(Az.P)Fs(Q)R. By the induction hypothesis Fi(Q) € cog,
50 Foo (M) € 00pg.

CASE 3: M = AZ.(\z.P)QR where ¢ FV(P) and Q € SNg—NFj3. Then we
have Fiy, (M) = AZ.(Az.P)Fso(Q)R —5 PR. From Lemma 1.6.2, we obtain
PR € cog, but then also Fa, (M) € cop. O

1.6.4. DEFINITION. A reduction strategy F'is perpetual iff for all M € oog,

M —g F(M) —g F(F(M)) —p -+

is an infinite reduction sequence from M.
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1.6.5. COROLLARY. F is perpetual.
PRrROOF. Immediate from the preceding theorem. a

1.6.6. DEFINITION. The set of AI-terms is defined as follows.

e Every variable is a Al-term.
e An application M N is a Al-term iff both M and N are AI-terms.
e An abstraction Az M is a AI-term iff M is a A\I-term and = € FV(M).

The following is known as the conservation theorem (for AI-terms).
1.6.7. COROLLARY.

i) For all Ml-terms M, if M € WNg then M € SNg.
B B
ii) For all XI-terms M, if M € cog and M —3 N then N € cog.
B B B

l
ProoF. For part (i), assume M € WNg. Then M —3 N for some normal

form N. Now note that for all A\I-terms L not in normal form, L —l>5 Fo(L).
Thus N = E¥ (M) for some k, so M € SNg, by Corollary 1.6.5.

For part (ii), suppose M —g N. If M € oog, then M ¢ WNg, by (i).
Hence N ¢ WNg, in particular IV € oog. a

1.7. Expressibility and undecidability

The untyped A-calculus is so simple that it may be surprising how powerful it
is. In this section we show that A-calculus in fact can be seen as an alternative
formulation of recursion theory.

We can use A-terms to represent various constructions, e.g. truth values:

true = \zy.x;
false = Axy.y;
if P then Q else R = PQR.

It is easy to see that

if true then P else Q —3 P;
if false then P else Q —3 Q.

Another useful construction is the ordered pair

(M,N) = Mr.zMN;
T = Ap.p(Azy.x);
Ty = Ap.p(Ary.y).

As expected we have
7TZ‘<M1,M2> —»6 Mz
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1.7.1. DEFINITION. We represent the natural numbers in the A-calculus as
Church numerals:

Cp = )\f.%'fn((L')’

where f"(x) abbreviates f(f(---(x)---)) with n occurrences of f. Sometimes
we write n for c,, so that for instance

0 = Az
1 = Mfax.fa;
2 = MNua.f(fzx).

1.7.2. DEFINITION. A partial function f : N¥ — N is \-definable iff there is
an F' € A such that:

i Iff(nla---,nk) =m then Fc,, ...c,, =g cp.
e If f(n1,...,ny) is undefined then F'c,, ...c,, has no normal form.

We say that the term F' defines the function f.
REMARK. If F' defines f, then in fact F'cp, ... Cn =3 Crny,..ny)-

1.7.3. EXAMPLE. The following terms define a few commonly used functions.
e Successor: succ = Anfz. f(nfz).
e Addition: add = Amnfx.mf(nfz).

Multiplication: mult = Amn fz.m(nf)z.

Exponentiation: exp = Amnfr.mnfz.

The constant zero function: zero = Am.O0.

The i-th projection of k-arguments: Hf = Amq ... mg.m;.

We show that all partial recursive functions are A-definable.
1.7.4. PROPOSITION. The primitive recursive functions are A-definable.

PRrROOF. It follows from Example 1.7.3 that the initial functions are definable.
It should also be obvious that the class of A-definable total functions is closed
under composition. It remains to show that A-definability is closed under
primitive recursion. Assume that f is given by

fO,ny, ... ny) = g(ni,...,nm);
fn+1ny,...;0np) = h(f(n,ng,...;nm), N0, .. Ny),
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where g and h are A-definable by G and H. Define auxiliary terms

Init = (0,Gz1...7pm).
Step = Ap.(succ(mip), H(mop)(mip)xy ... Tm);

The function f is then A-definable by
F = X\zxy ... %y mo(x Step Init).
This expresses the following algorithm: Generate a sequence of pairs
(0,a9),(1,a1),...,(n,an),

where ay = g(n1,...,ny) and a;41 = h(a;,i,n1,...,7y), o at the end of
the sequence, we have a,, = f(n,n1,..., 7). O

1.7.5. THEOREM. All partial recursive functions are \-definable.
PrOOF. Let f be a partial recursive function. By Theorem A.3.8

f(n17 M 7nm) = B(My[g(ymh- . 7nm) = 0])7

where g and ¢ are primitive recursive. We show that f is A-definable. For
this, we first define a test for zero:

zero? = Ax.z(\y.false)true.

By Proposition 1.7.4, the functions g and ¢ are definable by some terms G
and L, respectively. Let

W = Ay.if zero?(Gyzx; ... zpn,) then Aw.Ly else \w.w(succy)w.
Note that x1,...,x,, are free in W. The following term defines f:
F=MXxq.... Az, WeoW.
Indeed, take any nq,...,n,, and let ¢ =cy, ...cy,,. Then
Fé—g WeoW',

where W' = W|[Z := &]. Suppose that g(n,ni,...,n,) =0, and n is the
least number with this property. Then

W/COW, =) W’c1W’ >3 W/CnW, >3 Lcn -3 Cﬁ(n)-

It remains to see what happens when the minimum is not defined. Then we
have the following infinite quasi-leftmost reduction sequence

W,COW, g W’c1W’ g W,CQW, g

so Corollary 1.5.12 implies that F'¢ has no normal form. a
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1.7.6. REMARK. A close inspection of the proof of Theorem 1.7.5 reveals
that it shows more than stated in the theorem: For every partial recursive
function f:N™ — N, there is a defining term F' such that every applica-
tion F'cy, ... cp,, is uniformly normalizing, i.e. either strongly normalizing or
without normal form. The details of this claim can be found in Exercise 1.21.

1.7.7. COROLLARY. The following problems are undecidable:
(i) Given M € A, does M have a normal form?
(ii) Given M € A, is M strongly normalizing?

PROOF. For (i), suppose we have an algorithm to decide whether any term
has a normal form. Take any recursively enumerable set A C N that is not
recursive, and let f be a partial recursive function with domain A. Clearly,
f is A-definable by some term F'. Now, for a given n € N, we can effectively
decide whether n € A by checking whether the term Fn has a normal form.
Part (ii) now follows from Remark 1.7.6. O

1.8. Notes

The A-calculus and the related systems of combinatory logic were introduced around
1930 by Alonzo Church [73, 74] and Haskell B. Curry [101, 102, 104], respectively.
From the beginning, the calculi were parts of systems intended to be a foundation
for logic. Unfortunately, Church’s students Kleene and Rosser [277] discovered in
1935 that the original systems were inconsistent, and Curry [106] simplified the re-
sult, which became known as Curry’s paradoz. Consequently, the subsystem dealing
with A-terms, reduction, and conversion, i.e. what we call A-calculus, was studied
independently.

The notions of A-binding and a-convertible terms are intuitively very clear, but
we have seen in Section 1.2 that various technical difficulties must be overcome
in order to handle them properly. This issue becomes especially vital when one
faces the problem of a practical implementation. A classical solution [63] is to use
a nameless representation of variables (so called de Bruijn indices). For more on
this and related subjects, see e.g. [403, 406, 412].

The Church-Rosser theorem, which can be seen as a consistency result for the
A-calculus, was proved in 1936 by Church and Rosser [80]. Many proofs appeared
later. Barendregt [36] cites Tait and Martin-Lof for the technique using parallel
reductions; our proof is from Takahashi [481]. Proofs of the Church-Rosser theorem
and an extension of Theorem 1.5.8 for gn-reductions can also be found there.

Church and Rosser [80] also proved the conservation theorem for AI-terms
(which is sometimes called the second Church-Rosser theorem). Again, many differ-
ent proofs have appeared. Our proof uses the effective perpetual strategy from [36],
and the fact, also noted in [424], that the perpetual strategy always contracts the
leftmost redex, when applied to a AI-term. More about perpetual strategies and
their use in proving conservation theorems can be found in [418] and [371].

The A-calculus turned out to be useful for formalizing the intuitive notion of
effective computability. Kleene [273] showed that every partial recursive function
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was A-definable and vice versa. This led Church to conjecture that A-definability is
an appropriate formalization of the intuitive notion of effective computability [76],
which became known as Church’s thesis.

The problems of deciding membership of WN and SNg can be seen as variants
of the halting problem. Church [75, 76] inferred from the former his celebrated the-
orem stating that first-order arithmetic is undecidable, as well as the undecidability
of the Entscheidungsproblem (the “decision problem” for first-order logic), results
that were “in the air” in this period [167].

Curry and his co-workers continued the work on illative combinatory logic
[110, 111], i.e. logical systems including formulas as well as combinators and types.
The calculus of combinators was then studied as an independent subject, and
a wealth of results was obtained. For instance, the theorem about leftmost re-
ductions is from [110]. Like many other classical results in A-calculus it has been
proved in many different ways ever since; our proof is taken from [481].

With the invention of computing machinery came also programming languages.
Already in the 1960’s A-calculus was recognized as a useful tool in the design,
implementation, and theory of programming languages [302]. In particular, type-
free A-calculus constitutes a model of untyped functional programming languages,
e.g. Scheme [3] and Lisp [204], while typed calculi correspond to functional lan-
guages like Haskell [489] and ML [398].

The classic texts on type-free A-calculus are [244] and [36]. First-hand histori-
cal information may be obtained from Curry and Feys’ book [110], which contains
a wealth of historical information, and from Rosser and Kleene’s eyewitness state-
ments [276, 432]. Other interesting papers are [30, 241].

1.9. Exercises

1.1. For a pre-term M, the directed labeled graph G(M) is defined by induction.
o If M =z then G(M) has a single root node labeled z and no edges.

o If M = PQ then G(M) is obtained from the union of G(P) and G(Q) by
adding a new initial (root) node labeled @. This node has two outcoming
edges: to the root nodes of G(P) and G(Q).

o If M = Az P then G(M) is obtained from G(P) by

— Adding a new root node labeled Az, and an edge from there to the root
node of G(P);

— Adding edges to the new root from all final nodes labeled x.

For a given graph G, let erase(G) be a graph obtained from G by deleting all
labels from the variable nodes that are not final and renaming every label Az, for
some variable z, to A. Prove that the conditions erase(G(M)) = erase(G(N)) and
M =, N are equivalent for all M, N € A~.

1.2. Modify Definition 1.2.4 so that the operation M[z := N] is defined for all
M, N and z. Then prove that M[z := N| =, M'[z := N'] holds for all M =, M’
and N =, N’ (cf. Lemma 1.2.11).

1.3. Let Z € Y and N € A be fixed. Show that Definition 1.2.21 determines a total
function from A to A. Hint: Rewrite the definition as a relation r C A x A and
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show that for every M € A there is exactly one L € A such that r(M, L). It may
be beneficial to show uniqueness and existence separately.

1.4. Prove that if (AzP)Q = (AyM)N then Pz := Q] = M[y := N]. In other
words, the contraction of a given redex yields a unique result.

1.5. Show that M is in normal form if and only if M is either a variable or an
abstraction Az M’, where M’ is normal, or M = M'[z := yN], for some normal
forms M’ and N, and some x occurring free exactly once in M.

1.6. Show that every term is strongly normalizing with respect to eta-reductions.
1.7. Which of the following are true?

(i) Az.Mz =3 M, for any abstraction M with = ¢ FV(M).
(i) Az =5 Q.
(iii) (Az.zz)(Azy.y(zz)) =g Az.alz)(Azzy.y(zzz)).
1.8. Prove the weak Church-Rosser theorem: For all My, My, M3 € A,if My —p Mo

and M; —g Ms, then there is My € A with My —g M4 and M3 —3 My. Do not
use the Church-Rosser theorem.

1.9. Which of the following are true?

(i) TI(IT) =4 II.

(i) TI(IT) =4 L

(ifi) IIII =4 IIL.
) III =4 L.

(iv
1.10. Find terms M, N such that M =3 N and M ;g N, but not M Z%g N.
1.11. Find terms M, N such that M 3 N and M 5 N both hold.

1.12. Let M =g Foo (M) =g Foo(Fso (M) —p---—g F (M), where F2 (M) € NF.

Show that there is no reduction from M with more than n reduction steps. Hint:
Generalize Lemma 1.6.2 to show that

l5((Me.P)QR) = 15(Pz := QIR) + ¢(P) - 15(Q) + 1,
where lg(M) denotes the length of the longest reduction sequence from M and e(P)
is 1if x ¢ FV(P) and 0 else. Show that Ig(M) =1+ ig(Fs(M)), if M ¢ NF.
1.13. Show that there is no total computable [ : A — N such that, for all M € SNg,

(M) = 15(M),

where lg(M) is as in the Exercise 1.12. Hint: That would imply decidability of SN.
1.14. Consider the fized point combinator:

Y = M.z f(xz))(Azx. f(xx)).
Show that F(YF) =g YF holds for all F. (Thus in the untyped lambda-calculus
every fixpoint equation X = FX has a solution.)

1.15. Let M be any other fixed point combinator, i.e. assume that F'(MF) =3 M F
holds for all F. Show that M has no normal form.

1.16. Define the predecessor function in the untyped lambda-calculus.
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1.17. (B. Maurey, J.-L. Krivine.) Let C = Azy.(xF(A\z1))(yF(A\z0)), where
F = M\fg.gf. Show that C' defines the function

c(m,m) = 1, ifm<mn;
71 0, otherwise.

How many steps are needed to reduce C'c,,c,, to normal form? Will the same hold
if we define ¢ using Proposition 1.7.47

1.18. (From [78].) Find AI-terms P;, P, (projections) such that P;{cy,, c,) =3 Cm
and Pa(cp, cp) =g Cyp, for all m,n.

1.19. Show that the following functions are A-definable:

e For each n, the function f(i,my,...,my,) =m;.
e Integer division, i.e. a function f such that f(mn, m) = n, for all m,n # 0.
e Integer square root, i.e. a function f such that f(n?) = n, for all n.
1.20. Assume that M —g z. Show that if M[z := AxN] —g M@, where N is
normal, then Au@ = Az N. Will this remain true if we replace -z by —3,?
1.21. For n € N put d,, = succ”(cp). Assume the following:*
Every primitive recursive function is definable by a term F' such that
all applications F'd,, ...d,,, (Av.false)true are strongly normalizing.
Prove the claim in Remark 1.7.6. Hint: Use Exercise 1.20.
1.22. Prove that S-equality is undecidable. Hint: See Corollary 1.7.7(i).

*The proof of this is beyond our reach at the moment. We return to it in Exercise 11.26.
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