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Chapter 2

Intuitionisti
 logi


The word �logi
� is used with a variety of meanings, from 
ommon sense

reasoning to sophisti
ated formal systems. In most 
ases, logi
 is used to


lassify statements as �true� or �false�. That is, what we mean by logi
 is

usually one of the many possible variants of two-valued 
lassi
al logi
.

Indeed, 
lassi
al logi
 
an by all means be seen as a standard wherever

there is a need for pre
ise reasoning, espe
ially in mathemati
s and 
omputer

s
ien
e. The prin
iples of 
lassi
al logi
 are extremely useful as a tool to

des
ribe and 
lassify the reasoning patterns o

urring both in everyday life

and in mathemati
s.

It is however important to understand the following. First of all, no sys-

tem of rules 
an 
apture all of the ri
h and 
omplex world of human thoughts,

and thus every logi
 
an merely be used as a limited-purpose tool rather than

as an ultimate ora
le, responding to all possible questions.

In addition, the prin
iples of 
lassi
al logi
, although easily a

eptable

by our intuition, are not the only possible reasoning prin
iples. It 
an be

argued that from 
ertain points of view (likely to be shared by the reader

with a 
omputing ba
kground) it is a
tually better to use other prin
iples.

Let us have a 
loser look at this.

Classi
al logi
 is based on the fundamental notion of truth. The truth

of a statement is an �absolute� property of this statement, in that it is in-

dependent of any reasoning, understanding, or a
tion. A well-formed and

unambiguous de
larative statement is either true or false, whether or not we

(or anybody else) know it, prove it, or verify it in any possible way. Here

�false� means the same as �not true�, and this is expressed by the ex
luded

middle prin
iple (also known as tertium non datur) stating that p∨¬p holds
no matter what the meaning of p is.

Needless to say, the information 
ontained in the 
laim p ∨ ¬p is quite

limited. Take the following senten
e as an example:

There are seven 7's in a row somewhere in the de
imal

representation of the number π.
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It may very well happen that nobody will ever be able to determine the truth

or falsity of the senten
e above. Yet we are for
ed to a

ept that either the


laim or its negation must ne
essarily hold. Another well-known example is:

There exist irrational numbers x and y, su
h that xy
is rational.

The proof of this fa
t is very simple: if

√
2
√

2
is a rational number then we


an take x = y =
√

2; otherwise take x =
√

2
√

2
and y =

√
2.

The problem with this proof is that we do not know whi
h of the two

possibilities is the right one. But here is a di�erent argument: For x =
√

2
and y = 2 log2 3, we have xy = 3 ∈ Q. We say the latter proof is 
onstru
tive

while the former is not.

Su
h examples demonstrate some of the drawba
ks of 
lassi
al logi
. In-

deed, in many appli
ations we want to �nd an a
tual solution to a problem,

and not merely to know that some solution exists. We thus want to sort out

the proof methods that provide the a
tual solutions from those that do not.

Therefore, from a very pragmati
 point of view, it makes sense to 
onsider

a 
onstru
tive approa
h to logi
.

The logi
 that meets our expe
tations and a

epts only �
onstru
tive�

reasoning is traditionally known under the (slightly 
onfusing) name of in-

tuitionisti
 logi
. To explain this name, one has to re
all the philosophi
al

foundations of intuitionisti
 logi
. These may be expressed 
on
isely and very

simpli�ed by the following prin
iple: There is no absolute truth, there is only

the knowledge and intuitive 
onstru
tion of the idealized mathemati
ian, the


reative subje
t . A logi
al judgement is only 
onsidered �true� if the 
reative

subje
t 
an verify its 
orre
tness. A

epting this point of view inevitably

leads to the reje
tion of the ex
luded middle as a uniform prin
iple. As we

learned from the noble Houyhnhnms [464℄:

(. . . ) reason taught us to a�rm or deny only where we are 
ertain;

and beyond our knowledge we 
annot do either.

2.1. The BHK interpretation

The language of intuitionisti
 propositional logi
, also 
alled intuitionisti


propositional 
al
ulus (abbreviated IPC), is the same as the language of


lassi
al propositional logi
.

2.1.1. Definition. We assume an in�nite set PV of propositional variables

and we de�ne the set Φ of formulas as the least set su
h that:

• Ea
h propositional variable and the 
onstant ⊥ are in Φ;

• If ϕ,ψ ∈ Φ then (ϕ→ ψ), (ϕ ∨ ψ), (ϕ ∧ ψ) ∈ Φ.
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Variables and ⊥ are 
alled atomi
 formulas. A subformula of a formula ϕ is

a (not ne
essarily proper) part of ϕ, whi
h itself is a formula.

That is, our basi
 
onne
tives are: impli
ation →, disjun
tion ∨, 
onjun
-
tion ∧, and the 
onstant ⊥ (absurdity). Negation ¬ and equivalen
e ↔ are

abbreviations, as well as the 
onstant ⊤ (truth):

• ¬ϕ abbreviates ϕ→ ⊥;

• ϕ↔ ψ abbreviates (ϕ→ ψ) ∧ (ψ → ϕ);

• ⊤ abbreviates ⊥ → ⊥.

2.1.2. Convention.

1. We often use the 
onvention that impli
ation is right asso
iative, i.e. we

write e.g. ϕ→ ψ → ϑ instead of ϕ→ (ψ → ϑ).

2. We assume that negation has the highest priority, and impli
ation the

lowest, with no preferen
e between ∨ and ∧. That is, ¬p∧q → r means

((¬p) ∧ q) → r.

3. And of 
ourse we skip the outermost parentheses.

In order to understand intuitionisti
 logi
, one should forget the 
lassi
al

notion of �truth�. Now our judgements about a logi
al statement are no longer

based on any truth-value assigned to that statement, but on our ability to

justify it via an expli
it proof or �
onstru
tion�. As a 
onsequen
e of this we

should not attempt to de�ne propositional 
onne
tives by means of truth-

tables (as it is normally done for 
lassi
al logi
). Instead, we should explain

the meaning of 
ompound formulas in terms of their 
onstru
tions.

Su
h an explanation is often given by means of the so-
alled Brouwer-

Heyting-Kolmogorov interpretation, in short BHK interpretation. One 
an

formulate the BHK interpretation as the following set of rules, the algorith-

mi
 �avor of whi
h will later lead us to the Curry-Howard isomorphism.

• A 
onstru
tion of ϕ1 ∧ ϕ2 
onsists of a 
onstru
tion of ϕ1 and a 
on-

stru
tion of ϕ2;

• A 
onstru
tion of ϕ1∨ϕ2 
onsists of an indi
ator i ∈ {1, 2} and a 
on-

stru
tion of ϕi;

• A 
onstru
tion of ϕ1 → ϕ2 is a method (fun
tion) transforming every


onstru
tion of ϕ1 into a 
onstru
tion of ϕ2;

• There is no 
onstru
tion of ⊥.

1

1

A

ording to the Houyhnhnms (a 
onstru
tion of) a lie is �the thing whi
h is not�.
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We do not spe
ify what a 
onstru
tion of a propositional variable is.

This is be
ause the meaning of a propositional variable be
omes only known

when the variable is repla
ed by a 
on
rete statement. Then we 
an ask about

the 
onstru
tion of that statement. In 
ontrast, the 
onstant ⊥ represents

a statement with no possible 
onstru
tion at all.

Negation ¬ϕ is understood as the impli
ation ϕ → ⊥. That is, we may

assert ¬ϕ when the assumption of ϕ leads to absurdity. In other words:

• A 
onstru
tion of ¬ϕ is a method that turns every 
onstru
tion of ϕ
into a nonexistent obje
t.

The equivalen
e of ¬ϕ and ϕ→ ⊥ holds also in 
lassi
al logi
. But note that

the intuitionisti
 ¬ϕ is stronger than just �there is no 
onstru
tion of ϕ�.
The reader should be aware that the BHK interpretation is by no means

intended to make a pre
ise and 
omplete des
ription of 
onstru
tive seman-

ti
s. The very notion of �
onstru
tion� is informal and 
an be understood in

a variety of ways.

2.1.3. Example. Consider the following formulas:

(i) ⊥ → p;

(ii) p→ q → p;

(iii) (p→ q → r) → (p→ q) → p→ r;

(iv) p→ ¬¬p;

(v) ¬¬¬p→ ¬p;

(vi) (p→ q) → (¬q → ¬p);

(vii) ¬(p ∨ q) ↔ (¬p ∧ ¬q);

(viii) ((p ∧ q) → r) ↔ (p→ (q → r));

(ix) ¬¬(p ∨ ¬p);

(x) (p ∨ ¬p) → ¬¬p→ p.

All these formulas 
an be given a BHK interpretation. For instan
e, a 
on-

stru
tion for formula (i) is based on the safe assumption that a 
onstru
tion

of ⊥ is impossible. (In 
ontrast, we do not have a 
onstru
tion of q → p,
be
ause we 
annot generally rule out the existen
e of a 
onstru
tion of q.)
A 
onstru
tion for formula (iv), that is, for p→ ((p → ⊥) → ⊥), is as follows:

Given a 
onstru
tion of p, here is a 
onstru
tion of (p→ ⊥) → ⊥:
Take a 
onstru
tion of p → ⊥. It is a method to translate 
on-

stru
tions of p into 
onstru
tions of ⊥. As we have a 
onstru
tion

of p, we 
an use this method to obtain a 
onstru
tion of ⊥.
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The reader is invited to dis
over the BHK interpretation of the other formulas

(Exer
ise 2.2).

Of 
ourse all the formulas of Example 2.1.3 are 
lassi
al tautologies. But

not every 
lassi
al tautology 
an be given a 
onstru
tion.

2.1.4. Example. Ea
h of the formulas below is a 
lassi
al tautology. Yet

none appears to have a 
onstru
tion, despite the fa
t that some of them are

similar or �dual� to 
ertain formulas of the previous example.

(i) ((p→ q) → p) → p;

(ii) p ∨ ¬p;

(iii) ¬¬p→ p;

(iv) (¬q → ¬p) → (p→ q);

(v) ¬(p ∧ q) ↔ (¬p ∨ ¬q);

(vi) (p→ q) → (¬p→ q) → q;

(vii) ((p↔ q) ↔ r) ↔ (p ↔ (q ↔ r));

(viii) (p→ q) ↔ (¬p ∨ q);

(ix) (p ∨ q → p) ∨ (p ∨ q → q);

(x) (¬¬p→ p) → p ∨ ¬p.

For instan
e, formula (iii) seems to express the same prin
iple as Exam-

ple 2.1.3(iv). Similarly, formula (iv) and Example 2.1.3(vi) are often treated

as two equivalent patterns of a proof by 
ontradi
tion. Formula (v) and Ex-

ample 2.1.3(vii) are both known as De Morgan's laws, and express the 
las-

si
al duality between 
onjun
tion and disjun
tion.

Su
h examples show that the symmetry of 
lassi
al logi
 disappears when

we turn to 
onstru
tive semanti
s, and this is obviously due to the fa
t that

negation is no longer an involution, i.e. ϕ and ¬¬ϕ 
annot be identi�ed with

ea
h other anymore. Note however that formula (iii) expresses a property

weaker than (ii), be
ause we do not have a 
onstru
tion of (x).

Not very surprisingly, proofs by 
ases (vi) are not 
onstru
tive. Indeed,

this is a simple 
onsequen
e of the unavailability of the ex
luded middle�we

just 
annot a priori split the argument into 
ases. But it may be a surprise to

observe that not only negation or falsity may 
ause di�
ulties. Formula (i),

known as Peir
e's law , is purely impli
ational, but still we are unable to �nd

a 
onstru
tion. Another example of this kind is formula (vii) expressing the


lassi
al asso
iativity of equivalen
e. One 
an verify it using a binary truth-

table, but from the 
onstru
tive point of view this asso
iativity property

seems to be purely a

idental.
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Formula (viii) 
an be seen as a de�nition of 
lassi
al impli
ation in terms

of negation and disjun
tion. Constru
tively, this de�nition does not work.

We 
an say more: None among →, ⊥, ∨, ∧ is de�nable from the others (see

Exer
ise 2.26).

2.2. Natural dedu
tion

In order to formalize the intuitionisti
 propositional logi
, we de�ne a proof

system, 
alled natural dedu
tion, and denoted by NJ(→,⊥,∧,∨), or sim-

ply NJ. The rules of natural dedu
tion express in a pre
ise way the ideas of

the informal semanti
s of Se
tion 2.1.

2.2.1. Definition.

(i) A judgement in natural dedu
tion is a pair, written Γ ⊢ ϕ (and read

�Γ proves ϕ�) 
onsisting of a �nite set of formulas Γ and a formula ϕ.

(ii) We use various simpli�
ations when we deal with judgements. For in-

stan
e, we write ϕ1, ϕ2 ⊢ ψ instead of {ϕ1, ϕ2} ⊢ ψ, or Γ,∆ instead

of Γ ∪ ∆, or Γ, ϕ instead of Γ ∪ {ϕ}. In parti
ular, the notation ⊢ ϕ
stands for ∅ ⊢ ϕ.

(iii) A formal proof or derivation of Γ ⊢ ϕ is a �nite tree of judgements

satisfying the following 
onditions:

• The root label is Γ ⊢ ϕ;
• All the leaves are axioms, i.e. judgements of the form Γ, ϕ ⊢ ϕ;
• The label of ea
h mother node is obtained from the labels of the

daughters using one of the rules in Figure 2.1.

If su
h a proof exists, we say that the judgement Γ ⊢ ϕ is provable or

derivable, and we write Γ ⊢N ϕ. For in�nite Γ, we write Γ ⊢N ϕ to

mean that Γ0 ⊢N ϕ, for some �nite subset Γ0 of Γ.

(iv) It is 
ustomary to omit the index N in ⊢N . Note that in this way

the notation Γ ⊢ ϕ be
omes overloaded. It expresses the provability

of a judgement and also denotes the judgement itself. However, the

intended meaning is usually 
lear from the 
ontext.

(v) If ⊢ ϕ then we say that ϕ is a theorem.

2

The proof system 
onsists of an axiom s
heme and rules. For ea
h logi
al


onne
tive (ex
ept ⊥) we have one or two introdu
tion rules and one or two

elimination rules. An introdu
tion rule for a 
onne
tive ◦ tells us how a 
on-


lusion of the form ϕ ◦ ψ 
an be derived. An elimination rule des
ribes the

2

In general, a theorem is a formula provable in a logi
al system.
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Γ, ϕ ⊢ ϕ (Ax)

Γ, ϕ ⊢ ψ
Γ ⊢ ϕ→ ψ

(→I)
Γ ⊢ ϕ→ ψ Γ ⊢ ϕ

Γ ⊢ ψ
(→E)

Γ ⊢ ϕ Γ ⊢ ψ
Γ ⊢ ϕ ∧ ψ

(∧I) Γ ⊢ ϕ ∧ ψ
Γ ⊢ ϕ

(∧E)
Γ ⊢ ϕ ∧ ψ

Γ ⊢ ψ

Γ ⊢ ϕ
Γ ⊢ ϕ ∨ ψ

(∨I) Γ ⊢ ψ
Γ ⊢ ϕ ∨ ψ

Γ, ϕ ⊢ ϑ Γ, ψ ⊢ ϑ Γ ⊢ ϕ ∨ ψ
Γ ⊢ ϑ

(∨E)

Γ ⊢ ⊥
Γ ⊢ ϕ

(⊥E)

Figure 2.1: Intuitionisti
 natural dedu
tion NJ

way in whi
h ϕ ◦ ψ 
an be used to derive other formulas. Observe that the

natural dedu
tion rules 
an be seen as a formalization of the BHK interpre-

tation, where �
onstru
tion� should be read as �proof�. Indeed, 
onsider for

instan
e the impli
ation. The premise Γ, ϕ ⊢ ψ of rule (→I) 
an be under-

stood as the ability to infer ψ from Γ if a proof of ϕ is provided. This is

enough to derive the impli
ation. The elimination rule (→E) 
orresponds to
the same idea: if we have a proof of ϕ→ ψ then we 
an turn a proof of ϕ into

a proof of ψ. In a sense, rule (→E) 
an be seen as a 
onverse of rule (→I),
and a similar observation (
alled the inversion prin
iple, see Prawitz [403℄)


an be made about the other 
onne
tives. Rule (⊥E), 
alled ex falso sequitur

quodlibet (or simply ex falso) is an ex
eption, be
ause there is no mat
hing

introdu
tion rule.

2.2.2. Notation. It is sometimes useful to 
onsider fragments of proposi-

tional logi
 where some 
onne
tives do not o

ur. For instan
e, in Se
tion 2.6

we dis
uss the impli
ational fragment IPC(→) of the intuitionisti
 proposi-

tional logi
. The subsystem of NJ 
onsisting of the axiom s
heme and rules

for impli
ation is then denoted by NJ(→). This 
onvention applies to other

fragments, e.g. IPC(→,∧,∨) is the positive fragment, 
alled also minimal

logi
, and NJ(→,∧,∨) stands for the appropriate part of NJ.

2.2.3. Example. We give example proofs of our favourite formulas. Below,

formulas ϕ,ψ and ϑ 
an be arbitrary:
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(i)

ϕ ⊢ ϕ
(→ I)

⊢ ϕ→ ϕ

(ii)

ϕ,ψ ⊢ ϕ
(→ I)

ϕ ⊢ ψ → ϕ
(→ I)

⊢ ϕ→ (ψ → ϕ)

(iii) Here, Γ abbreviates {ϕ→ (ψ → ϑ), ϕ→ ψ,ϕ}.

Γ ⊢ ϕ→ (ψ → ϑ) Γ ⊢ ϕ
(→ E)

Γ ⊢ ψ → ϑ

Γ ⊢ ϕ→ ψ Γ ⊢ ϕ
(→ E)

Γ ⊢ ψ
(→ E)

Γ ⊢ ϑ
(→ I)

ϕ→ (ψ → ϑ), ϕ → ψ ⊢ ϕ→ ϑ
(→ I)

ϕ→ (ψ → ϑ) ⊢ (ϕ→ ψ) → (ϕ→ ϑ)
(→ I)

⊢ (ϕ → (ψ → ϑ)) → (ϕ→ ψ) → (ϕ→ ϑ)

2.2.4. Lemma. Intuitionisti
 propositional logi
 is 
losed under weakening

and substitution, that is, Γ ⊢ ϕ implies Γ, ψ ⊢ ϕ and Γ[p := ψ] ⊢ ϕ[p := ψ],
where [p := ψ] denotes a substitution of ψ for all o

urren
es of the proposi-

tional variable p.

Proof. Indu
tion with respe
t to the size of proofs (Exer
ise 2.3). ⊓⊔

Results like the above are sometimes expressed by saying that the fol-

lowing are derived (or admissible) rules of propositional intuitionisti
 logi
:

Γ ⊢ ϕ
Γ, ψ ⊢ ϕ

Γ ⊢ ϕ
Γ[p := ψ] ⊢ ϕ[p := ψ]

2.3. Algebrai
 semanti
s of 
lassi
al logi


In the next se
tion we shall introdu
e an algebrai
 semanti
s for intuitionisti


logi
. To help the reader understand it better, let us begin with 
lassi
al logi
.

Usually, semanti
s of 
lassi
al propositional formulas is de�ned so that ea
h


onne
tive is seen as an operation a
ting on the set B = {0, 1} of truth

values. That is, we a
tually deal with an algebrai
 system

〈B,∨,∧,→,−, 0, 1〉
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where 0 ∨ 1 = 1, 0 ∧ 1 = 0, 0 → 1 = 1 et
. This system is easily ordered so

that 0 < 1, and we have the following property:

a ≤ b i� a→ b = 1.

There is an obvious similarity between the algebra of truth values and the

algebra of sets. The logi
al operations ∨ and ∧ behave very mu
h like the

set-theoreti
al ∪ and ∩. The equation A ∪ B = {x | (x ∈ A) ∨ (x ∈ B)}
states one of many analogies. In a similar way negation 
orresponds to the


omplement −A (with respe
t to a �xed domain) and impli
ation to −A∪B.
The notion of a Boolean algebra we are now going to introdu
e is a gen-

eralization of both the algebra of truth values and the algebra of sets. We

begin though with a weaker and thus more general notion of a latti
e.

2.3.1. Definition. A latti
e is a partial order 〈A,≤〉 su
h that every two-

element subset {a, b} of A has both a least upper bound and a greatest lower

bound in A. We use the notation a⊔ b for supA{a, b} and a⊓ b for infA{a, b}.
By analogy with set-theoreti
 operations, we refer to ⊔ as union (or join)

and to ⊓ as interse
tion (or meet). A top (resp. bottom) element in a latti
e

(if it exists) is usually denoted by 1 (resp. 0).

2.3.2. Lemma. In a latti
e, the following 
onditions are equivalent:

(i) a ≤ b;

(ii) a ⊓ b = a;

(iii) a ⊔ b = b.

Proof. Immediate. ⊓⊔

2.3.3. Example. Every linear order, in parti
ular the set B of truth values,

is a latti
e. Every family of sets 
losed under set union and interse
tion is

also a latti
e. But the 
losure with respe
t to ∪ and ∩ is not a ne
essary


ondition for a family of sets to be a latti
e. A good example is the family

of all 
onvex subsets of the Eu
lidean plane. (A set A is 
onvex i� for all

a, b ∈ A the straight line segment joining a and b is 
ontained in A.)

2.3.4. Lemma. The following equations are valid in every latti
e:

(i) a ⊔ a = a and a ⊓ a = a;

(ii) a ⊔ b = b ⊔ a and a ⊓ b = b ⊓ a;

(iii) (a ⊔ b) ⊔ c = a ⊔ (b ⊔ c) and (a ⊓ b) ⊓ c = a ⊓ (b ⊓ c);

(iv) (a ⊔ b) ⊓ a = a and (a ⊓ b) ⊔ a = a.
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Proof. A routine appli
ation of the de�nitions. ⊓⊔

In fa
t, the properties listed in Lemma 2.3.4 give an axiomatization of

latti
es as algebrai
 systems of the form 〈A,⊔,⊓〉, 
f. Exer
ise 2.6. We are

mostly interested in latti
es satisfying some additional properties.

2.3.5. Definition.

(i) A latti
e A is distributive i� the following equations hold in A:

(1) (a ⊔ b) ⊓ c = (a ⊓ c) ⊔ (b ⊓ c);
(2) (a ⊓ b) ⊔ c = (a ⊔ c) ⊓ (b ⊔ c).

(ii) Assume that a latti
e A has a top element 1 and a bottom element 0.

We say that b is a 
omplement of a i� a ⊔ b = 1 and a ⊓ b = 0.

2.3.6. Lemma. Let b be a 
omplement of a in a distributive latti
e. Then b
is the greatest element of A satisfying a⊓ b = 0. In parti
ular, a has at most

one 
omplement.

Proof. Suppose that a ⊓ c = 0. Then c ≤ b, be
ause

c = 1 ⊓ c = (a ⊔ b) ⊓ c = (a ⊓ c) ⊔ (b ⊓ c) = 0 ⊔ (b ⊓ c) = b ⊓ c. ⊓⊔

2.3.7. Definition. A Boolean algebra is a distributive latti
e B with top

and bottom elements, su
h that every element a of B has a 
omplement

(denoted by −a).

Boolean algebras are often presented as algebrai
 stru
tures of the form

B = 〈B,⊔,⊓,−, 0, 1〉. In this 
ase the underlying partial order 
an be re
on-

stru
ted with the help of the equivalen
e: a ≤ b i� a⊓b = a (
f. Lemma 2.3.2).

2.3.8. Example. Let X be any set. A �eld of sets (over X) is a non-empty

family R of subsets of X, 
losed under set-theoreti
 union, interse
tion and


omplement (to X). Every �eld of sets is a Boolean algebra. Examples of

�elds of sets are:

(i) P(X), the power set of X;

(ii) {∅,X};

(iii) {A ⊆ X : A �nite or X −A �nite}.

Observe that the algebra B of truth values (forget about → for a moment)

is isomorphi
 to (ii).

The following result is known as Stone's representation theorem .
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2.3.9. Theorem (M.H. Stone, 1934). Every Boolean algebra is isomorphi


to a �eld of sets.

We omit the proof of Stone's theorem, as it would distra
t us too mu
h

from the mainstream of our 
onsiderations. The reader may spend some of

her spare time doing Exer
ise 2.15, but we now turn to the Boolean algebra

semanti
s for 
lassi
al propositional logi
.

2.3.10. Definition. A valuation in a Boolean algebra B = 〈B,⊔,⊓,−, 0, 1〉
is any map v from the set PV of propositional variables to B. The value

(in B) of a formula ϕ with respe
t to a valuation v is de�ned by indu
tion.

[[p]]v = v(p), for p ∈ PV;
[[⊥]]v = 0;
[[ϕ ∨ ψ]]v = [[ϕ]]v ⊔ [[ψ]]v ;
[[ϕ ∧ ψ]]v = [[ϕ]]v ⊓ [[ψ]]v ;
[[ϕ→ ψ]]v = −[[ϕ]]v ⊔ [[ψ]]v .

One writes B, v |= ϕ when [[ϕ]]v = 1, and B |= ϕ when B, v |= ϕ, for all v.

It should be 
lear that the Boolean algebra semanti
s is a generalization of

the ordinary two-valued semanti
s. Indeed, a formula is a 
lassi
al tautology

if and only if B |= ϕ. In fa
t, this generalization is not essential.

2.3.11. Theorem. A propositional formula is a 
lassi
al tautology if and

only if B |= ϕ, for all Boolean algebras B.

Proof. The impli
ation from right to left is immediate. To prove the other

impli
ation suppose that B 6|= ϕ for some B. By Stone's representation the-

orem

3

we 
an assume that B is a �eld of sets over some X.

Sin
e B 6|= ϕ, there exists a valuation v in B with [[ϕ]]v 6= X. Thus, there

is x ∈ X su
h that x 6∈ [[ϕ]]v . De�ne a binary valuation w (a valuation in B)

so that w(p) = 1 i� x ∈ [[p]]v . Prove by indu
tion that for all formulas ψ:

[[ψ]]w = 1 i� x ∈ [[ψ]]v .

Then [[ϕ]]w 6= 1. ⊓⊔

2.4. Heyting algebras

We will now develop a semanti
s for intuitionisti
 propositional logi
. For this

we analyze the algebrai
 properties of formulas with respe
t to provability.

We begin by observing that provable impli
ation behaves almost like an

ordering relation on formulas, i.e. it is re�exive and transitive. More exa
tly,

for every Γ we have:

3

A hint for a dire
t proof is given in Exer
ise 2.14.
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• Γ ⊢ ϕ→ ϕ;

• If Γ ⊢ ϕ→ ψ and Γ ⊢ ψ → ϑ then Γ ⊢ ϕ→ ϑ.

This relation is however not anti-symmetri
. But we 
an turn it into a partial

order if we identify equivalent formulas. To make this pre
ise, let Γ be a �xed

set of propositional formulas (in parti
ular Γ may be empty). We de�ne

a relation ∼Γ as follows:

ϕ ∼Γ ψ i� Γ ⊢ ϕ→ ψ and Γ ⊢ ψ → ϕ.

It is not di�
ult to see that ∼Γ is an equivalen
e relation on the set Φ of all

formulas, and that (we omit the subs
ript Γ in ∼Γ):

[⊥]∼ = {ϕ | Γ ⊢ ¬ϕ} and [⊤]∼ = {ϕ | Γ ⊢ ϕ}.

Let LΓ = Φ/∼ = {[ϕ]∼ | ϕ ∈ Φ}. It should now be obvious that the rela-

tion ≤Γ, de�ned by

[ϕ]∼ ≤Γ [ψ]∼ i� Γ ⊢ ϕ→ ψ

is a well-de�ned partial order over LΓ. We have the equivalen
e:

[ϕ]∼ = [ψ]∼ i� [ϕ]∼ ≤Γ [ψ]∼ and [ψ]∼ ≤Γ [ϕ]∼.

Our next step is to dis
over that the partial order 〈LΓ,≤〉 is a latti
e. De�ne

[ϕ]∼ ⊔ [ψ]∼ = [ϕ ∨ ψ]∼ ;

[ϕ]∼ ⊓ [ψ]∼ = [ϕ ∧ ψ]∼ .

The operations ⊔ and ⊓ are well-de�ned, be
ause the following are provable:

(ϕ↔ ϕ′) → ((ψ ↔ ψ′) → ((ϕ ∨ ψ) ↔ (ϕ′ ∨ ψ′)));

(ϕ↔ ϕ′) → ((ψ ↔ ψ′) → ((ϕ ∧ ψ) ↔ (ϕ′ ∧ ψ′))).

The reader 
an easily 
he
k that [ϕ]∼ ⊔ [ψ]∼ (resp. [ϕ]∼ ⊓ [ψ]∼) is the supre-
mum (resp. in�mum) of the set {[ϕ]∼, [ψ]∼}. Having observed that, the next

step is to see that the latti
e is distributive and that [⊤]∼ is the top and [⊥]∼
is the bottom. An optimisti
 reader might now pose the 
onje
ture that LΓ

is a Boolean algebra with −[ϕ]∼ de�ned as [¬ϕ]∼.
It would be exa
tly the 
ase if we dealt with 
lassi
al logi
. But we do

not have the ex
luded middle and there are (not unexpe
ted) di�
ulties

with this 
omplement operation. We have a ⊓ −a = 0, but not ne
essarily
a ⊔−a = 1.

The best we 
an assert about −a is that it is the greatest element su
h

that a ⊓ −a = 0, and we 
an 
all it a pseudo-
omplement . Sin
e negation is

a spe
ial kind of impli
ation, the above 
alls for a generalization.
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2.4.1. Definition. An element c of a latti
e is 
alled a relative pseudo-


omplement of a with respe
t to b, i� c is the greatest element su
h that

a ⊓ c ≤ b. The relative pseudo-
omplement, if exists, is denoted a ⇒ b, and
one de�nes −a as a spe
ial 
ase: −a = a⇒ 0.

For example, in our algebra LΓ, often 
alled the Lindenbaum algebra, the

relative pseudo-
omplement always exists:

[ϕ]∼ ⇒ [ψ]∼ = [ϕ→ ψ]∼.

We have just dis
overed a new type of algebra, 
alled Heyting algebra or

pseudo-Boolean algebra.

2.4.2. Definition. A Heyting algebra is a distributive latti
e H with top

and bottom elements, su
h that the relative pseudo-
omplement a⇒ b exists
for all a, b ∈ H.

In fa
t the word �distributive� in the de�nition above is redundant, see

Exer
ise 2.9. Heyting algebras are typi
ally taken as algebrai
 stru
tures of

the form H = 〈H,⊔,⊓,⇒,−, 0, 1〉, where the underlying partial order is im-

pli
it and de�ned as usual by the 
lause a ≤ b i� a⊓b = a (see Lemma 2.3.2).

We often ignore the notational di�eren
e between H and H.

2.4.3. Lemma.

(i) The Lindenbaum algebra LΓ is a Heyting algebra.

(ii) Ea
h Boolean algebra is a Heyting algebra with a⇒ b de�ned as −a⊔b.

(iii) Every �nite distributive latti
e is a Heyting algebra.

Proof. Part (i) has already been shown. For part (ii) �rst observe that

(−a ⊔ b) ⊓ a = (−a ⊓ a) ⊔ (b ⊓ a) = 0 ⊔ (b ⊓ a) = b ⊓ a ≤ b. Then assume

that c ⊓ a ≤ b. We have c = c ⊓ 1 = c ⊓ (−a ⊔ a) = (c ⊓ −a) ⊔ (c ⊓ a) ≤
(c ⊓−a) ⊔ b = (c ⊔ b) ⊓ (−a ⊔ b) ≤ −a ⊔ b. Part (iii) follows from the simple

fa
t that, for any given a and b, the set A = {c | c ⊓ a ≤ b} is �nite, and

thus it has a supremum. Be
ause of distributivity, supA itself belongs to A
and thus supA = a⇒ b. ⊓⊔

The following easy observations are often useful:

2.4.4. Lemma. In every Heyting algebra,

(i) a ≤ b⇒ c is equivalent to a ⊓ b ≤ c;

(ii) a ≤ b is equivalent to a⇒ b = 1.
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The algebrai
 semanti
s of intuitionisti
 propositional logi
 is de�ned in

a similar style as for 
lassi
al logi
 (
f. De�nition 2.3.10). We only need

to repla
e Boolean algebras by Heyting algebras.

2.4.5. Definition. LetH = 〈H,⊔,⊓,⇒,−, 0, 1〉 be a Heyting algebra. A val-

uation in H is a map v : PV → H. Given a valuation v in H, we de�ne the

value [[ϕ]]v of a formula ϕ with respe
t to v (written more pre
isely as [[ϕ]]Hv ).

[[p]]v = v(p), for p ∈ PV;
[[⊥]]v = 0;
[[ϕ ∨ ψ]]v = [[ϕ]]v ⊔ [[ψ]]v ;
[[ϕ ∧ ψ]]v = [[ϕ]]v ⊓ [[ψ]]v ;
[[ϕ→ ψ]]v = [[ϕ]]v ⇒ [[ψ]]v .

2.4.6. Notation. Let H be a Heyting algebra. We write:

• H, v |= ϕ, when [[ϕ]]v = 1;

• H |= ϕ, when H, v |= ϕ, for all v;

• H, v |= Γ, when H, v |= ϕ, for all ϕ ∈ Γ;

• H |= Γ, when H, v |= Γ, for all v;

• |= ϕ, when H, v |= ϕ, for all H, v;

• Γ |= ϕ, when H, v |= Γ implies H, v |= ϕ, for all H and v.

If |= ϕ holds, we say that ϕ is intuitionisti
ally valid or that is an intuition-

isti
 tautology. It follows from the following that the notions of a theorem

and a tautology 
oin
ide for intuitionisti
 propositional 
al
ulus.

2.4.7. Theorem (Completeness). The following are equivalent:

4

(i) Γ ⊢ ϕ;

(ii) Γ |= ϕ.

Proof. (i) ⇒ (ii): Let Γ = {ϑ1, . . . , ϑn}. If v is a valuation in a Heyting

algebra H, then [[Γ]]v stands for [[ϑ1]]v ⊓ · · · ⊓ [[ϑn]]v (whi
h is 1 when Γ = ∅).

By indu
tion with respe
t to derivations we prove that, for all v:

If Γ ⊢ ϕ then [[Γ]]v ≤ [[ϕ]]v.

4

Part (i) ⇒ (ii) is 
alled soundness, while (ii) ⇒ (i) is the proper 
ompleteness.
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The statement of the theorem follows from the spe
ial 
ase when [[Γ]]v = 1.
We pro
eed by 
ases depending on the last rule used in the proof. For

instan
e, 
onsider the 
ase of (→I). We need to show that [[Γ]]v ≤ [[ϕ1 → ϕ2]]v
follows from the indu
tion hypothesis [[Γ]]v ⊓ [[ϕ1]]v ≤ [[ϕ2]]v . But that is an
easy 
onsequen
e of [[ϕ1 → ϕ2]]v = [[ϕ1]]v ⇒ [[ϕ2]]v. For the 
ase of (∨E)
observe that [[Γ]]v ≤ [[ϕ1 ∨ ϕ2]]v implies

[[Γ]]v = [[Γ]]v ⊓ ([[ϕ1]]v ⊔ [[ϕ2]]v) = ([[Γ]]v ⊓ [[ϕ1]]v) ⊔ ([[Γ]]v ⊓ [[ϕ2]]v).

If both 
omponents of ⊔ are less than or equal to [[ϕ]]v then so is [[Γ]]v.

(ii) ⇒ (i): This follows from our 
onstru
tion of the Lindenbaum algebra.

Indeed, suppose that Γ |= ϕ, but Γ 0 ϕ. Then ϕ 6∼Γ ⊤, i.e. [ϕ]∼ 6= 1 in LΓ.

De�ne a valuation v in LΓ by v(p) = [p]∼, and prove by indu
tion that

[[ψ]]v = [ψ]∼, for all ψ. It follows that [[ϕ]]v 6= 1, a 
ontradi
tion. ⊓⊔

The 
ompleteness proof above 
an easily be adapted to 
lassi
al logi
, if

we expand our natural dedu
tion system by appropriate rules to a

ount for

the extension (we do it later in Chapter 6). The Lindenbaum algebra LΓ is

then a Boolean algebra and we 
on
lude that 
lassi
al propositional logi
 is

sound and 
omplete with respe
t to the general Boolean algebra semanti
s,

as de�ned in Se
tion 2.3. To obtain a 
ompleteness result for the two-valued

semanti
s, one then uses Theorem 2.3.11. For an alternative approa
h see

the proof of Theorem 6.1.10.

So far, Heyting algebras remain a ni
e but abstra
t notion. In order to

a
tually make use of our algebrai
 semanti
s, we need 
on
rete examples of

su
h algebras. And these are not hard to �nd. The most prominent example

of a Heyting algebra whi
h is not a Boolean algebra is the family of open

sets of a topologi
al spa
e.

An important di�eren
e between a topologi
al spa
e and a �eld of sets

is that a 
omplement of an open set is usually not open. If we want to

interpret propositions as open sets, we 
an easily do it for 
onjun
tions and

disjun
tions, using sums and interse
tions. But we 
annot in general interpret

a negation ¬p as the 
omplement of the value of p. The best we 
an do is to

take the largest open set 
ontained in the 
omplement�the interior. This is

exa
tly the Heyting algebra pseudo-
omplement.

2.4.8. Proposition. Let H = 〈O(T ),∪,∩,⇒,∼,∅,T 〉, where T is a topo-

logi
al spa
e and

• the operations ∩, ∪ are set-theoreti
;

• A⇒ B = Int(−A ∪B), for arbitrary open sets A and B;

• ∼A = Int(−A), where − is the set-theoreti
 
omplement.

Then H is a Heyting algebra.
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Proof. Exer
ise 2.16. ⊓⊔

2.4.9. Example. To see that Peir
e's law ((p → q) → p) → p is not in-

tuitionisti
ally valid, 
onsider the algebra of open subsets of the real line.

Take v(p) = R−{0} and v(q) = ∅. Then [[p→ q]]v = Int({0} ∪ ∅) = ∅, and

[[(p → q) → p]]v = Int(R ∪ (R − {0})) = R. The value of the whole formula

is thus the set Int(∅ ∪ (R − {0})) = R − {0} 6= R.

Consider now the tertium non datur prin
iple in the form p ∨ ¬p. If we
take v(p) = (0,∞) then [[p∨¬p]]v = R−{0}. Again, only one point is missing.

That the border between �yes� and �no� in the example above is so thin

is not just a 
oin
iden
e. By the following result, a 
lassi
al tautology must

always be represented in a topologi
al spa
e by a dense set, i.e. one whose


omplement has an empty interior.

2.4.10. Theorem (Glivenko). A formula ϕ is a 
lassi
al tautology i� ¬¬ϕ
is an intuitionisti
 tautology.

Proof. Exer
ise 2.34. ⊓⊔

Warning. The above does not hold for �rst-order logi
, 
f. Example 8.2.2(i).

Intuitionisti
 logi
, unlike 
lassi
al logi
, is not �nite-valued. There is

no single �nite Heyting algebra H su
h that ⊢ ϕ is equivalent to H |= ϕ.
Indeed, 
onsider the formula

∨{pi ↔ pj | i, j = 0, . . . , n and i 6= j}. (Here
the symbol

∨
abbreviates the disjun
tion of all members of the set.) This

formula is not valid in general (Exer
ise 2.19), although it is valid in all

Heyting algebras of 
ardinality at most n.
A 
omplete semanti
s 
an however be de�ned by an in�nite Heyting

algebra. Some of these are quite familiar.

2.4.11. Theorem. Let H be the algebra of all open subsets of

• the set R of reals, or

• the set Q of rationals, or

• any Cartesian produ
t of the above, in parti
ular R2
.

Then H |= ϕ i� ϕ is valid.

Proof. Exer
ise 2.30. ⊓⊔

Theorem 2.4.11 may be interpreted as follows. If a formula ϕ is not valid

intuitionisti
ally, it is always possible to give a 
ounterexample over the real

line. The same holds for the Eu
lidean plane R2
. The latter has the following

ni
e 
onsequen
e: One 
an always expe
t to produ
e a 
ounterexample by

drawing pi
tures on paper. (A similar property holds of 
ourse for 
lassi
al

logi
. In Exer
ise 2.14 take B = P(R2), the power set of the real plane.)
An alternative to one in�nite algebra is the 
olle
tion of all �nite models.
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2.4.12. Theorem (Finite model property). A formula ϕ of length n is valid

i� it is valid in all Heyting algebras of 
ardinality at most 22
n

.

Proof. Assume that ϕ is not valid, i.e. that H, v 6|= ϕ, for some algebra

H = 〈H,⊔,⊓,⇒,−, 0, 1〉. We show how to repla
e H by a �nite algebra. Let

ϕ1, . . . , ϕm be all subformulas of ϕ. (Note that m ≤ n.) Let ai = [[ϕi]]v, for
i = 1, . . . ,m, and 
onsider the subalgebra L of 〈H,⊔,⊓, 0, 1〉 generated by

a1, . . . , am. Observe that L has at most 22
m

elements, namely all possible

unions of the 2m
possible interse
tions of the generators. (We get 0 if the

union has no 
omponents and 1 if there is one 
omponent of length zero.

The 
losure under ⊓ follows from distributivity.) In addition, L is a Heyting

algebra, be
ause of Lemma 2.4.3(iii). But L is not ne
essarily a Heyting

subalgebra of H, i.e. the de�nition of ⇒ in L and in H may be di�erent. To

distinguish the two, let us use the notation ⇒L and ⇒H, respe
tively.

Thus it is not ne
essarily the 
ase that [[ψ]]Lv = [[ψ]]Hv for arbitrary ψ.
However, this equation holds for all subformulas of ϕ, in
luding ϕ itself.

This is shown by indu
tion, using the following observation: If ψ1 → ψ2 is

a subformula of ϕ then [[ψ1]]
H
v ⇒H [[ψ2]]

H
v = [[ψ1 → ψ2]]

H
v ∈ L. This implies

[[ψ1]]
H
v ⇒H [[ψ2]]

H
v = [[ψ1]]

H
v ⇒L [[ψ2]]

H
v . Details are left to the reader, and the


on
lusion is that [[ϕ]]Lv 6= 1 and thus L, v 6|= ϕ. ⊓⊔

From the �nite model property it follows that intuitionisti
 propositional

logi
 is de
idable. The upper bound obtained this way (double exponential

spa
e) is unsatisfa
tory. But it 
an be improved down to polynomial spa
e,

see Lemma 4.2.3 and Exer
ise 7.13.

2.5. Kripke semanti
s

We now introdu
e another semanti
s of intuitionisti
 propositional logi
. This

semanti
s re�e
ts the following idea. From the 
onstru
tive point of view,

we 
an assert the truth only of the propositions of whi
h we are 
ertain.

But by learning about new fa
ts we gain more information, and we 
an add

new propositions to our state of knowledge. We should however not lose our

knowledge. In other words, what is true now will remain true forever, but

what is not re
ognized today as true may be
ome true tomorrow. Be
ause

of that we have to be 
areful and assert �not A� only when it is entirely

impossible that we might ever assert A.

2.5.1. Definition. A Kripke model is a triple of the form

C = 〈C,≤,
〉,

where C is a non-empty set, whose elements are 
alled states or possible

worlds, ≤ is a partial order in C, and 
 is a binary relation between elements
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of C and propositional variables. The relation 
 (read �for
es�) must satisfy

the following monotoni
ity 
ondition.

If c ≤ c′ and c 
 p then c′ 
 p.

The intuition is that elements of the model represent states of knowledge.

The relation ≤ 
orresponds to extending states by gaining more knowledge,

and the relation 
 determines whi
h propositional variables are assumed to

be true in a given state. We extend this relation to provide meaning for

propositional formulas as follows.

2.5.2. Definition. If C = 〈C,≤,
〉 is a Kripke model, then

• c 
 ϕ ∨ ψ i� c 
 ϕ or c 
 ψ;

• c 
 ϕ ∧ ψ i� c 
 ϕ and c 
 ψ;

• c 
 ϕ→ ψ i� c′ 
 ψ for all c′ ≥ c with c′ 
 ϕ;

• c 
 ⊥ does not hold.

Note that the de�nition above implies the following rule for negation:

• c 
 ¬ϕ i� c′ 1 ϕ, for all c′ ≥ c.

The notation 
 
an be used in various ways. Sometimes we write C, c 
 ϕ
to make it 
lear whi
h model is being used. We write C 
 ϕ when c 
 ϕ, for
all c ∈ C. The notation c 
 Γ means that c 
 ϕ for all ϕ ∈ Γ, and similarly

for C 
 Γ. Finally, Γ 
 ϕ that for every Kripke model C and every state c
of C, the 
ondition C, c 
 Γ implies C, c 
 ϕ.

The following generalized monotoni
ity follows by easy indu
tion:

2.5.3. Lemma. If c ≤ c′ and c 
 ϕ then c′ 
 ϕ.

2.5.4. Example. Let C = {c, c′, c′′} where c ≤ c′, c′′ and c′, c′′ are in
ompa-

rable. A Kripke model C = 〈C,≤,
〉, where c′ 
 p and c′′ 
 q and c 1 p, q

an be represented by the following graph:

p

◦
!!CC

CC
CC

=={{{{{{

q

In this model we have e.g. c 
 ¬¬(p∨q) and c 
 (p→ q) → q, but c 1 p∨¬p.

We now want to show 
ompleteness of Kripke semanti
s. For this, we

transform every Heyting algebra into a Kripke model.
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2.5.5. Definition. A �lter in a Heyting algebra H = 〈H,⊔,⊓,⇒,−, 0, 1〉 is
a non-empty subset F of H, su
h that

5

• a, b ∈ F implies a ⊓ b ∈ F ;

• a ∈ F and a ≤ b implies b ∈ F .

A �lter F is proper i� F 6= H. A proper �lter F is prime i� a⊔b ∈ F implies

that either a ∈ F or b ∈ F .

2.5.6. Lemma. Let A be any subset of a Heyting algebra H. Then the set

F = {a ∈ H | a ≥ a1 ⊓ . . . ⊓ ak, for some a1, . . . , ak ∈ A} is the least �lter


ontaining A. The �lter F is proper i� a1 ⊓ . . . ⊓ ak 6= 0, for all �nite sets

{a1, . . . , ak} ⊆ A.

Proof. Left to the reader. ⊓⊔

2.5.7. Lemma. Let F be a proper �lter in H and let a 6∈ F . There exists

a prime �lter G su
h that F ⊆ G and a 6∈ G.

Proof. Let F = {E | E is a �lter and F ⊆ E and a 6∈ E}. One shows

that the union of an arbitary 
hain in F is itself a member of F . Thus every


hain in F has an upper bound in F . We 
an apply the Kuratowski-Zorn

Lemma A.1.1 to 
on
lude that F has a maximal element G with respe
t

to in
lusion. We show that G is a prime �lter.

For y ∈ H, let Gy = {x | x ≥ g ⊓ y, for some g ∈ G}. By Lemma 2.5.6,

ea
h Gy is a �lter. We 
laim that if b ⊔ c ∈ G then either Gb or Gc must

belong to F . Thus b ∈ G or c ∈ G by the maximality of G.
Suppose otherwise, i.e. neither Gb nor Gc is in F . That is, a ∈ Gb∩Gc and

there are g1, g2 ∈ G with g1⊓b ≤ a and g2⊓c ≤ a. Then (g1⊓g2)⊓(b⊔c) ∈ G,
and we have a = a ⊔ a ≥ (g1 ⊓ g2 ⊓ b) ⊔ (g1 ⊓ g2 ⊓ c) = (g1 ⊓ g2) ⊓ (b ⊔ c), so
that a ∈ G, a 
ontradi
tion. ⊓⊔

2.5.8. Lemma. Let v be a valuation in a Heyting algebra H, where 0 6= 1.
There is a Kripke model C = 〈C,≤,
〉, su
h that the 
onditions H, v |= ϕ
and C 
 ϕ are equivalent for all ϕ.

Proof. We take C to be the set of all prime �lters in H. The relation ≤ is

in
lusion, and we de�ne F 
 p i� v(p) ∈ F . For all formulas ψ we prove

F 
 ψ i� [[ψ]]v ∈ F, (∗)
by indu
tion with respe
t to ψ. The only non-trivial 
ase is ψ = ψ′ → ψ′′

.

Suppose that F 
 ψ′ → ψ′′
, but [[ψ′ → ψ′′]]v = [[ψ′]]v ⇒ [[ψ′′]]v 6∈ F . Take the

least �lter G′

ontaining F ∪ {[[ψ′]]v}. Lemma 2.5.6 implies that

G′ = {b | b ≥ f ⊓ [[ψ′]]v for some f ∈ F},
5

Exer
ises 2.11 and 2.12 explain the intuition of a �lter: It is an algebrai
 model of

a �state of knowledge�, 
losed under logi
al 
onsequen
e.
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and we have [[ψ′′]]v 6∈ G′
, in parti
ular G′

is proper. Indeed, otherwise there

is an f ∈ F , with [[ψ′′]]v ≥ f ⊓ [[ψ′]]v, and thus f ≤ [[ψ′]]v ⇒ [[ψ′′]]v ∈ F .
Using Lemma 2.5.7, we extend G′

to a prime �lter G, not 
ontain-

ing [[ψ′′]]v. By the indu
tion hypothesis G 
 ψ′
, be
ause [[ψ′]]v ∈ G. Sin
e

F 
 ψ′ → ψ′′
, it follows that G 
 ψ′′

. That is, [[ψ′′]]v ∈ G, whi
h is not true.

For the 
onverse, assume that [[ψ′ → ψ′′]]v ∈ F and F ⊆ G 
 ψ′
. From

the indu
tion hypothesis we have [[ψ′]]v ∈ G and sin
e F ⊆ G we obtain

[[ψ′]]v ⇒ [[ψ′′]]v ∈ G. Thus [[ψ′′]]v ≥ [[ψ′]]v ⊓ ([[ψ′]]v ⇒ [[ψ′′]]v) ∈ G, so that

[[ψ′′]]v ∈ G. Apply again the indu
tion hypothesis to 
on
lude G 
 ψ′′
.

The other 
ases are easy. Note that primality is essential for disjun
tion.

Having shown (∗), assume that H, v 6|= ϕ, i.e. [[ϕ]]v 6∈ {1}. The �lter {1}
extends to a prime �lter G su
h that [[ϕ]]v 6∈ G, and thus C, G 1 ϕ. On the

other hand, if H, v |= ϕ, then [[ϕ]]v = 1 and 1 belongs to all �lters in H. ⊓⊔

2.5.9. Theorem (Completeness). The 
onditions

Γ ⊢ ϕ Γ |= ϕ Γ 
 ϕ

are equivalent to ea
h other.

Proof. To show that Γ ⊢ ϕ implies Γ 
 ϕ we pro
eed by indu
tion. As an

example 
onsider the indu
tion step for rule (→I). Assume that we have

derived Γ ⊢ ϕ1 → ϕ2 from Γ, ϕ1 ⊢ ϕ2. Let c 
 Γ, and let c′ ≥ c be su
h that

c′ 
 ϕ1. By the monotoni
ity we have c′ 
 Γ, ϕ1, and from the indu
tion

hypothesis we obtain c′ 
 ϕ2 as desired. We leave the other 
ases to the

reader. (In the 
ase of (⊥E) observe that Γ 
 ⊥ simply means that c 
 Γ is

impossible, and thus Γ 
 ϕ 
an be safely 
on
luded.)

By Theorem 2.4.7 it now remains to prove that Γ 
 ϕ implies Γ |= ϕ.
Assume the 
ontrary. Then H, v |= Γ but H, v 6|= ϕ, for some H, v. From the

previous lemma we have a Kripke model C with C 
 Γ and C 1 ϕ. ⊓⊔

The Kripke model of Example 2.5.4 shows that the ex
luded middle prin-


iple is not Kripke valid. Here is another ni
e appli
ation of Kripke semanti
s.

2.5.10. Proposition (Disjun
tion property). If ⊢ ϕ∨ψ then ⊢ ϕ or ⊢ ψ.

Proof. Assume 0 ϕ and 0 ψ. There are Kripke models C1 = 〈C1,≤1,
1〉
and C2 = 〈C2,≤2,
2〉 and states c1 ∈ C1 and c2 ∈ C2, su
h that c1 1 ϕ and

c2 1 ψ. Without loss of generality we 
an assume that c1 and c2 are least

elements of C1 and C2, respe
tively, and that C1∩C2 = ∅. De�ne a new model

C = 〈C1 ∪ C2 ∪ {c0},≤,
〉, where c0 6∈ C1 ∪ C2 and the order is the union

of ≤1 and ≤2, extended by c0 taken as the least element. The relation 
 is

simply the sum of 
1 and 
2. In parti
ular c0 1 p, for all variables p. It
is easy to see that C is a Kripke model. In addition we have C, c1 
 ϑ i�

C1, c1 
 ϑ, for all formulas ϑ, and a similar property holds for c2.
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Now suppose that ⊢ ϕ ∨ ψ. By soundness, we have c0 
 ϕ ∨ ψ, and thus

either c0 
 ϕ or c0 
 ψ, by de�nition of 
. Then either c1 
 ϕ or c2 
 ψ,
be
ause of monotoni
ity. ⊓⊔

2.6. The impli
ational fragment

The most important logi
al 
onne
tive is the impli
ation. Thus, it is mean-

ingful to study impli
ational formulas, built with only this 
onne
tive. The

natural dedu
tion system NJ(→) for this restri
ted 
al
ulus 
onsists of rules

(→E), (→I) and the axiom s
heme (Ax).

2.6.1. Theorem. The natural dedu
tion system NJ(→) is 
omplete with re-

spe
t to Kripke models, i.e. if → is the only 
onne
tive o

urring in in Γ
and ϕ then the 
onditions Γ ⊢ ϕ and Γ 
 ϕ are equivalent.

Proof. The impli
ation from left to right follows from soundness of the full

natural dedu
tion system. For the proof in the other dire
tion, let us assume

that Γ 0 ϕ. De�ne Con(∆) = {ψ | ∆ ⊢ ψ} and 
onsider a Kripke model

C = 〈C,⊆,
〉, where

C = {∆ | Γ ⊆ ∆, and Con(∆) = ∆}.

The order is by in
lusion and ∆ 
 p holds for a propositional variable p if

and only if p ∈ ∆. By indu
tion we show the following 
laim:

∆ 
 ψ iff ψ ∈ ∆, (∗)

for all impli
ational formulas ψ and all states ∆. The 
ase of a variable is

immediate from the de�nition. Let ψ be ψ1 → ψ2 and let ∆ 
 ψ. To show

that ψ ∈ ∆, take ∆′ = {ϑ | ∆, ψ1 ⊢ ϑ}. Then ψ1 ∈ ∆′
and, by the indu
tion

hypothesis, ∆′

 ψ1. Thus ∆′


 ψ2, be
ause ∆ ⊆ ∆′
, and we get ψ2 ∈ ∆′

,

again by the indu
tion hypothesis. Thus, ∆, ψ1 ⊢ ψ2, and by (→ I) we get

what we want.

Now assume ψ1 → ψ2 ∈ ∆ (in parti
ular ∆ ⊢ ψ1 → ψ2) and take ∆′ ⊇ ∆
with ∆′


 ψ1. Then ψ1 ∈ ∆′
, so ∆′ ⊢ ψ1. But also ∆′ ⊢ ψ1 → ψ2, be
ause

∆ ⊆ ∆′
. By (→ E) we 
an derive ∆′ ⊢ ψ2, whi
h means, by the indu
tion

hypothesis, that ∆′

 ψ2. This 
ompletes the proof of (∗).

Now let ∆ = {ψ | Γ ⊢ ψ}. Then ∆ ∈ C and from (∗) we have ∆ 
 γ for

all γ ∈ Γ, but ∆ 1 ϕ. ⊓⊔

It follows from Theorems 2.5.9 and 2.6.1 that the three 
onditions Γ ⊢ ϕ,
Γ |= ϕ, and Γ 
 ϕ are equivalent for impli
ational formulas. The 
omplete-

ness theorem has a very important 
onsequen
e: the 
onservativity of IPC

over its impli
ational fragment.

2.6.2. Theorem. Let ϕ be an impli
ational formula, and let Γ be a set of

impli
ational formulas. If Γ ⊢N ϕ then Γ ⊢ ϕ in NJ(→).
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2.7. Notes

The roots of 
onstru
tivism in mathemati
s rea
h deeply into the 19th 
entury,

or even further into the past. Intuitionists themselves admitted for instan
e the

inspiration of the philosophy of Immanuel Kant (1724�1804). A

ording to Kant,

su
h areas of mathemati
al 
ognition as time and spa
e, are dire
tly a

essible to

the human intuition rather than empiri
ally �observed�. Mathemati
s 
an thus be

seen as a purely mental 
onstru
tion.

Leopold Krone
ker (1823�1891) is usually 
ited as the �rst author who expli
-

itly applied 
onstru
tive ideas in mathemati
s. A 
orre
t de�nition of a number,

a

ording to Krone
ker, was one whi
h 
ould be veri�ed in a �nite number of steps.

And a proof of an existential statement should provide an expli
it obje
t witnessing

that statement.

In the sear
h for a �rm basis of mathemati
s, Krone
ker was soon joined by

many others. In the se
ond half of the 19th 
entury mathemati
s was 
hanging in

a quite important way. With development of new bran
hes, in
luding mathemati
al

logi
, the subje
t of mathemati
al resear
h was be
oming more and more abstra
t

and unrelated to physi
al experien
e. The mathemati
ian's a
tivity 
hanged from

dis
overing properties of the �real� world into 
reating an abstra
t one. This raised

important questions 
on
erning the foundations of mathemati
s. With the dis
ov-

ery of paradoxes, notably the well-known paradox due to Russell, these questions

be
ame really urgent.

The end of the 19th and beginning of the 20th 
entury was a period of an

intensive development and 
ompetition of ideas and trends aiming at explaining

the 
on
eptual basis of the modern mathemati
s. Some of these trends 
reated

the ba
kground for the philosophi
al s
hool known as intuitionism. For instan
e,

Poin
aré emphasized the role of intuition in mathemati
s and Lebesgue denied the

existen
e of obje
ts (like number sequen
es) unless they were expli
itly de�ned.

But the prin
iples of intuitionism were �rst formulated in the works of the Dut
h

mathemati
ian and philosopher Luitzen Egbertus Jan Brouwer (1881�1966). Begin-

ning with his thesis of 1907, the subje
t was developed in subsequent works into

a general and 
onsistent exposition of a philosophy of s
ien
e [56, 112, 320℄. Brouwer

is also the inventor of the term �intuitionism�, whi
h was originally meant to denote

a philosophi
al approa
h to the foundations of mathemati
s, being in opposition

to Hilbert's formalism. Here, formalism is understood as an attempt to des
ribe

mathemati
s within the framework of formal manipulation of symbols. By restri
-

tion to �nitary methods, formalists hoped to a
hieve a rigorous proof of 
onsisten
y

of mathemati
s and to develop me
hani
al tools to verify mathemati
al truth. As

we know, Hilbert's programme, as this endeavour was 
alled, failed after Gödel's

results, but formalism 
ontributed a lot to the development of 
ontemporary logi
.

Brouwer reje
ted the idea that mathemati
s be redu
ed to some kind of formal

game. But he also reje
ted the idea of mathemati
s as a natural s
ien
e. Instead,

intuitionists insisted that the human mind (the intuition), and not the external

world, is the sour
e of mathemati
al notions. That is, mathemati
al obje
ts exist

only as the 
reations of a mathemati
ian, and mathemati
al truth is only a
hieved

by means of proof, a mental a
tivity. Quoting Brouwer after van Dalen [111℄: �There

are no non-experien
ed truths�.

Brouwer did not intend to make intuitionisti
 logi
 a part of formal logi
. The

intuitionisti
 propositonal 
al
ulus was developed between 1925 and 1930 by Kol-
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mogorov [273℄, Glivenko [190℄, and Heyting [227℄. Their resear
h in intuitionisti


proof theory turned Brouwer's idealisti
 philosophy into a bran
h of mathemati-


al logi
. The interest in this logi
 has sin
e then largely been motivated by its


onstru
tive 
hara
ter.

To explain what intuitionisti
 logi
 is about, one usually refers to the Brouwer-

Heyting-Kolmogorov interpretation, as we did in Se
tion 2.1. Only impli
itly present

in Brouwer's work, this explanation is due to Heyting [228, 229, 230℄ and Kol-

mogorov [274℄. Although intuitively 
onvin
ing and useful, the BHK interpretation


auses also some misunderstanding. This is obviously due to the impre
ise 
hara
-

ter of the rules and also to the numerous di�eren
es between their variants. For in-

stan
e, we use the word 
onstru
tion, following Heyting [230, p. 102℄, Prawitz [405℄,

and Howard [247℄, while other authors talk about proofs [189, 488, 489℄, realiz-

ers [346℄, eviden
e [311℄, et
. Kolmogorov's original paper was about problems and

their solutions . Some of Heyting's informal explanations are about ful�llment of

an intention expressed by a proposition [228℄ or about 
onditions under whi
h

a proposition 
an be asserted [230℄.

The way the rules are stated varies too. For instan
e, our interpretation of

disjun
tion requires that a 
onstru
tion expli
itly determines whi
h 
omponent is

taken into a

ount. This variant is 
ommon nowadays (as it might make a di�er-

en
e even in the 
ase of ϕ ∨ ϕ), but the following would be 
loser to the original

formulation of Heyting and Kolmogorov:

A 
onstru
tion of ϕ1 ∨ ϕ2 is either a 
onstru
tion of ϕ1 or a 
onstru
tion of ϕ2.

Another possible extension of BHK (
f. [278, 462, 487℄) is to require that a 
on-

stru
tion of ϕ1 → ϕ2 should in
lude a veri�
ation of 
orre
tness.

Various other approa
hes to intuitionisti
 semanti
s, most notably Kleene's

realizability (see Chapter 9) are often 
ompared to the BHK interpretation, and

then obvious similarities as well as important di�eren
es are found. See for in-

stan
e [15, 134, 377, 486, 488℄. But a liberal understanding of the BHK rules may

also lead to topologi
al semanti
s [436℄, or even 
lassi
al two-valued semanti
s [134℄.

Begining with Gödel, many authors 
onsidered various formalizations of the

BHK interpretation in terms of 
lassi
al logi
, for instan
e by introdu
ing a formal

notion of �provability�. In parti
ular, one 
an think ofmodal logi
 (see [68℄) as a form

of provability logi
. A re
ent development is the logi
 LP of Artemov [15, 16℄.

The natural dedu
tion system for propositional intuitionisti
 logi
 is usually

attributed to the work of Gentzen [171℄ but one 
an �nd a similar system in an

independent paper by Ja±kowski [254℄. The algebrai
 approa
h to formal semanti
s

originated with the work of �ukasiewi
z on many-valued logi
. Semanti
 proper-

ties of intuitionisti
 logi
 were initially formulated in terms of �matri
es�. This

in
ludes, for instan
e, the solution to our Exer
ise 2.19 given by Gödel in 1932, and

a 
ompleteness theorem and an initial version of the �nite model property (Theo-

rem 2.4.12) published by Ja±kowski in 1936. The topologi
al semanti
s originated in

the late 1930's with papers by Stone and Tarski. A 
ompleteness theorem (Zweiter

Hauptsatz) in Tarski's paper [473℄ implies our Theorem 2.4.11. Exer
ise 2.30 is

based on Mints and Zhang [347℄. See also [47℄.

Heyting algebras emerged from the �
losure algebras� and �Brouwerian algebras�

investigated in 1944�1948 by M
Kinsey and Tarski,

6

who also gave the double-

6

Interestingly, they initially used 
losed sets, rather than open sets, so that ∧ was

interpreted by ∪ and ∨ by ∩.
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exponential bound of Theorem 2.4.11.

In 1956, Beth proposed a semanti
s (�Beth models�) very similar to Kripke

semanti
s. The latter dates from 1959, and was �rst designed for modal logi
. The


ompleteness of intuitionisti
 logi
 with respe
t to Kripke models was shown in

1963 and published in [283℄. Our Lemma 2.5.8 and Exer
ise 2.28 are based on

Fitting's [151℄, who attributes the translation to Beth.

De
idability of intuitionisti
 logi
 is of 
ourse a 
onsequen
e of the �nite model

property, but the �rst (synta
ti
al) proof of de
idability was derived by Gentzen

from his 
ut-elimination theorem of 1935 (see Corollary 7.3.9).

For the interested reader, let us also mention that the �rst proof of the inde-

penden
e of intuitionisti
 propositional 
onne
tives (Exer
ise 2.26) is due to Wajs-

berg [505℄, and was published in 1938. An independent solution was given next year

by M
Kinsey [334℄. Later, Prawitz [403℄ derived yet another solution from proof

normalization. The example about

√
2, mentioned at the beginning of this 
hapter,

probably appeared �rst in print in [253℄. Sin
e �rst used by Hindley in 1970, it is now

obligatory in every introdu
tion to intuitionisti
 logi
. (In fa
t, there is a Gelfond-

S
hneider theorem whi
h implies that

√
2 raised to the power

√
2 is irrational, but

the proofs we have seen in [168, 296℄ do not qualify as stri
tly 
onstru
tive.)

In this short survey we have only re
alled the very basi
 fa
ts about the initial

history of intuitionisti
 logi
. To learn more about the history and motivations see

the books [112, 136, 230, 320, 488℄ and arti
les [111, 483, 484, 487℄.

For a general introdu
tion to intuitionisti
 logi
 we re
ommend the arti
le [110℄

of van Dalen, and also the books of Mints [346℄, Dragalin [134℄ and Fitting [151, 152℄.

A 
omprehensive study of the algebrai
 semanti
s for intuitionisti
 (and 
lassi
al)

logi
 is the book of Rasiowa and Sikorski [410℄. See also Chapter 13 of [488, vol. II℄.

Although the subje
t of a large part of the present book is 
onstru
tive logi
, our

approa
h is entirely 
lassi
al, or naive 
ommon sense, as we perhaps should prefer

to say. We do not restri
t our apparatus to intuitionisti
 logi
, a

epting proofs

by 
ontradi
tion with no reservations. But the reader should be aware that there

is a broad and a
tive area of resear
h, 
alled 
onstru
tive mathemati
s , aiming at

re-building 
lassi
al mathemati
s on the basis of 
onstru
tive reasoning. This is far

beyond the s
ope of this book, and the reader is referred to [38, 48, 343, 426, 488℄.

2.8. Exer
ises

2.1. (From [78℄.) Prove that at least one of e+ π and eπ is not algebrai
.

2.2. Find 
onstru
tions for the formulas in Example 2.1.3, and do not �nd 
on-

stru
tions for the formulas in Example 2.1.4.

2.3. Prove Lemma 2.2.4 about weakening and substitution.

2.4. Give formal proofs of the formulas in Example 2.1.3.

2.5. Show that intuitionisti
 propositional logi
 is 
onsistent , that is 0 ⊥. (Note
that 
onsisten
y is equivalent to �There exists ϕ with 0 ϕ�.)

2.6. Let 〈A,⊔,⊓〉 be an algebra with two binary operations (written in in�x no-

tation). Assume that the equations (i)�(iv) of Lemma 2.3.4 hold for all elements

of A. De�ne a ≤ b by a ⊔ b = b. Prove that 〈A,≤〉 is a latti
e, where suprema and

in�ma are given by ⊔ and ⊓.
2.7. Show that the family of all 
onvex subsets of a plane is a latti
e but not

a distributive one.
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2.8. Let A be a latti
e satisfying (a ⊔ b) ⊓ c ≤ (a ⊓ c) ⊔ (b ⊓ c), for all a, b, c. Show
that A is distributive.

2.9. Assume that a ⇒ b exists for all elements a, b of a latti
e L. Prove that L is

distributive. Hint: Use Exer
ise 2.8.

2.10. Consider the partial orders represented below as dire
ted graphs where an

edge from a to b means that a < b (edges implied by transitivity not shown). Whi
h

of these are latti
es? Heyting algebras? Boolean algebras?

1 1 1 1 1

4

AA����
4

AA����
2

AA����
3

]];;;;

4

OO

2

OO

3

WW0000000

3

iiSSSSSSSS

WW0000000

2

OO

2

OO

4

ZZ55555

DD					
2

DD					
3

ZZ55555

0

OO

0

]]::::

GG�������
0

]]::::

GG�������
0

OO

0

]];;;;
AA����

(a) (b) (c) (d) (e)

2.11. For Γ ⊆ ∆ show that the set F∆ = {[ϕ]∼ | ∆ ⊢ ϕ} is a �lter in the Linden-

baum algebra LΓ.

2.12. Let F be a �lter in a Heyting algebraH and let v be a valuation in H. De�ne

Γ = {ϕ | [[ϕ]]v ∈ F}. Show that Γ is 
losed under ⊢, i.e. Γ ⊢ ϕ implies ϕ ∈ Γ.

2.13. Assume that B, v 6|= ϕ, for some Boolean algebra B and some ϕ and v. Show
that there exists a prime �lter F in B, with [[¬ϕ]]v ∈ F . Then de�ne a binary

valuation by w(p) = 1 i� v(p) ∈ F and show that [[ϕ]]w = 0.

2.14. Let B0 be a Boolean algebra with 0 6= 1, and let B be the two-element Boolean

algebra of truth values. Show that the following three 
onditions are equivalent:

(i) B |= ϕ;

(ii) B0 |= ϕ;

(iii) B |= ϕ, for all Boolean algebras B.

Do not use Stone's Theorem 2.3.9. Hint: Apply Exer
ise 2.13 to prove (i)⇒(iii).

2.15. For a Boolean algebra B, let Z be the set of all prime �lters in B. Show
that B is isomorphi
 to a subalgebra of P(Z), 
onsisting of all sets of the form

Za = {F ∈ Z | a ∈ F}, for a ∈ B.
2.16. Prove Proposition 2.4.8 (topologi
al spa
es regarded as Heyting algebras).

2.17. Prove that if 1 ϕ then C 1 ϕ for a �nite Kripke model C. Hint: Turn an

in�nite 
ounterexample into a �nite one using a quotient 
onstru
tion.

2.18. Show that the formulas in Example 2.1.4 are not intuitionisti
ally valid. (Use

open subsets of R2
or 
onstru
t Kripke models.)

2.19. Show that the formula

∨{pi ↔ pj | i, j = 0, . . . , n and i 6= j} is not intu-

itionisti
ally valid.
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2.20. Whi
h of the following judgements are provable?

(i) p→ ¬p ⊢ ¬p;

(ii) ¬p→ p ⊢ p;

(iii) ¬p→ ¬q, p→ ¬q ⊢ ¬q.
(iv) ¬p→ q, p→ q ⊢ q.

2.21. Whi
h of the following formulas are intuitionisti
ally valid?

(i) ((p→ q) → p) → ¬¬p;

(ii) ((((p → q) → p) → p) → q) → q;

(iii) ¬p ∨ ¬¬p;

(iv) ¬p ∨ ¬q → ¬(p ∧ q);
(v) (p→ p ∧ q) ∨ (q → p ∧ q);

(vi) (p→ q ∨ r) → (p→ q) ∨ r;

(vii) (p→ q ∨ r) → (p→ q) ∨ (p→ r);

(viii) ((p ∨ ¬p) → ¬q) → ¬q;

(ix) (p→ ¬p) → ¬(¬p → p);

2.22. Whi
h of the following equivalen
es are 
orre
t intuitionisti
ally?

(i) p ∨ q ↔ (¬p→ q);

(ii) p ∧ q ↔ ¬(p→ ¬q);

(iii) p ∧ q ↔ (p↔ (p→ q));

(iv) (p→ q) ↔ ((p ∨ q) ↔ q).

2.23. Whi
h of the following are intuitionisti
 tautologies?

(i) ¬¬(ϕ→ ψ) → (¬¬ϕ→ ¬¬ψ).

(ii) ¬¬(ϕ ∧ ψ) → (¬¬ϕ ∧ ¬¬ψ).

(iii) ¬¬(ϕ ∨ ψ) → (¬¬ϕ ∨ ¬¬ψ).

(iv) (¬¬ϕ→ ¬¬ψ) → ¬¬(ϕ → ψ).

(v) (¬¬ϕ ∧ ¬¬ψ) → ¬¬(ϕ ∧ ψ).

(vi) (¬¬ϕ ∨ ¬¬ψ) → ¬¬(ϕ ∨ ψ).

2.24. Show that the following formulas are intuitionisti
 tautologies:

(i) ¬¬(¬¬ϕ → ¬¬ψ) → ¬¬ϕ→ ¬¬ψ;

(ii) (ϕ→ ¬ψ) → ¬¬ϕ→ ¬ψ.
2.25. A propositional formula is negative i� every propositional variable p o

urs

only in the form p → ⊥ in ϕ, and ϕ 
ontains no o

urren
e of ∨. Show that

¬¬ϕ→ ϕ is intuitionisti
ally valid for negative ϕ. Hint: Use Exer
ise 2.23.
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2.26. In 
lassi
al logi
 some propositional 
onne
tives are de�nable from the others.

For instan
e, we say that ∨ is de�nable from → and ⊥, be
ause α∨ β is equivalent

to (α → ⊥) → β. Show that none of the 
onne
tives ∨, ∧, →, ⊥ is de�nable from

the others in propositional intuitionisti
 logi
.

2.27. Show that ∨, ∧, → and ⊥ are de�nable from the ternary 
onne
tive given

by the following Kuznetsov formula [291℄:

((p ∨ q) ∧ ¬r) ∨ (¬p ∧ (q ↔ r)).

2.28. In the proof of Lemma 2.5.8 we have shown how to translate every Heyting

algebra into a Kripke model. A translation in the other dire
tion is also possible.

Let C = 〈C,≤,
〉 be a Kripke model and let H be the set of all upward-
losed

subsets of C. Show that H is a Heyting algebra with

X ⇒ Y = {c | ∀c′ ∈ X(c ≤ c′ → c′ ∈ Y )}.

Then prove that C 
 ϕ implies H, v |= ϕ, where v(p) = {c ∈ C | c 
 p}, for p ∈ PV.

Hint: Show that [[ϕ]]v = {c ∈ C | c 
 ϕ} for all formulas ϕ.

2.29. In this exer
ise we �x a �nite Kripke model C = 〈C,≤,
〉, with a least

element c0, and we de�ne a 
ertain fun
tion π : (0, 1) → C. First we asso
iate

a �label� ℓ(w) ∈ C to every word w ∈ {0, 1}∗. We begin with ℓ(ε) = c0 and pro
eed

by indu
tion. Assume that ℓ(w) = c and that ℓ(w′) has not yet been de�ned for

any word w′
extending w. Let c have m immediate su

essors in C, say c1, . . . , cm.

Then we extend the labeling by:

ℓ(w02i1) = c, for i = 0, . . . ,m;
ℓ(w02i−11) = ci, for i = 1, . . . ,m;
ℓ(w0i) = c, for i = 1, . . . , 2m+ 1.

This de�nition is illustrated, for m = 2, by the �gure below.

c
zzuuu $$III

c
{{vvv ##HH c

c
{{vvv ##HHH

c1

c
||yyy ##HH c

c
||yyy ""EEE

c2

c c

If a number x ∈ (0, 1) is written in binary as x = 0.b1b2 . . . bn1, or equivalently as

x = 0.b1b2 . . . bn100 . . . with an in�nite sequen
e of zeros (we do not allow in�nite

sequen
es of 1's), then de�ne π(x) = ℓ(b1b2 . . . bn). Note that π(x) ≤ ℓ(b1b2 . . . bn1),
and that the inequality may happen to be stri
t. Now assume that x has an in�nite

binary representation x = 0.b1b2b3 . . . Sin
e the model is �nite, there is c ∈ C su
h

that ℓ(b1b2 . . . bn) = c, for almost all n. In this 
ase we take π(x) = c. Prove that π
is a surje
tive map su
h that

1. If X ⊆ C is upward-
losed then π−1(X) is open.

2. If A ⊆ (0, 1) is open then π(A) is upward-
losed;

Hint: First prove the following statements:

7

7

Note that εx in (i) depends on x, and that y may require an εy di�erent than εx.
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(i) ∀x ∈ (0, 1)∃εx > 0 ∀y ∈ (0, 1)[|x− y| < εx → π(x) ≤ π(y)];

(ii) ∀x ∈ (0, 1)∀c ∈ C ∀ε > 0 [π(x) ≤ c→ ∃y ∈ (0, 1)[|x− y| < ε ∧ π(y) = c]].

2.30. Let C and π : (0, 1) → C be as in Exer
ise 2.29. De�ne a valuation v in the

algebra O((0, 1)) by v(p) = π−1({c ∈ C | c 
 p}). (Observe that v(p) is open by

Exer
ise 2.29.) Prove that [[ϕ]]v = π−1({c ∈ C | c 
 ϕ}) holds for all ϕ.
2.31. Derive Theorem 2.4.11 (
ompleteness for R et
.) from Exer
ises 2.17 and 2.30.

2.32. A state c in a Kripke model C determines p i� either c 
 p or c 
 ¬p.
De�ne a binary valuation vc by vc(p) = 1 i� c 
 p. Show that if c determines all

propositional variables in ϕ then [[ϕ]]vc
= 1 implies c 
 ϕ. Con
lude that a formula

is a 
lassi
al tautology if and only if it is for
ed in all one-element models.

2.33. Let ϕ be a 
lassi
al tautology su
h that all propositional variables in ϕ are

among p1, . . . , pn. Show that the formula (p1 ∨ ¬p1) → · · · → (pn ∨ ¬pn) → ϕ is

intuitionisti
ally valid. Hint: Use Exer
ise 2.32.

2.34. Prove Glivenko's Theorem 2.4.10: A double negation of a 
lassi
al tautology

is intuitionisti
ally valid. Hint: Use Exer
ise 2.32.


