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Chapter 4

The Curry-Howard isomorphism

Having dis
ussed intuitionisti
 logi
 in Chapter 2 and typed lambda-
al
ulus

in Chapter 3, we now 
on
entrate on the relationship between the two�the

Curry-Howard isomorphism. We have already dis
overed this amazing anal-

ogy between logi
 and 
omputation in Chapter 3, where we readily a

epted

lambda terms as an appropriate notation for proofs. Indeed, the Brouwer-

Heyting-Kolmogorov interpretation, in parti
ular the fun
tional understand-

ing of 
onstru
tive impli
ation, strongly supports this 
hoi
e.

In this 
hapter we have a 
loser look at the 
orresponden
e between

proofs and terms. We soon dis
over that, depending on the 
hoi
e of a spe
i�


proof formalism, it 
an be more or less adequate to 
all it an �isomorphism�.

In most 
ases, lambda-terms 
an be seen as a re�nement of proofs rather

than an isomorphi
 image. On the other hand, we also dis
over that the

analogy goes further than the equivalen
e between non-empty types and

provable impli
ational formulas. It goes further �in width�, be
ause it extends

to a 
orresponden
e between various logi
al 
onne
tives and data types. But

it also goes further �in depth�. There is a fundamental relationship between

term redu
tion (
omputation) and proof normalization. This aspe
t of the

formulas-as-types 
orresponden
e is perhaps the most important one.

4.1. Proofs and terms

As we have dis
overed in Chapter 3, the type assignment rules of λ→ 
an

be seen as annotated versions of the natural dedu
tion system NJ(→). The
following fa
t is an immediate 
onsequen
e of this similarity.

4.1.1. Proposition (Curry-Howard isomorphism).

(i) If Γ ⊢ M : ϕ in λ→ then rg(Γ) ⊢ ϕ in IPC(→).

(ii) If ∆ ⊢ ϕ in IPC(→) then Γ ⊢M : ϕ in λ→, for some M and some Γ
with rg(Γ) = ∆.
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In parti
ular an impli
ational formula is an intuitionisti
 theorem if and only

if it is an inhabited type.

Proof. Easy indu
tion with respe
t to derivations. In part (ii) it is 
onve-

nient to 
hoose Γ = {(xϕ :ϕ) | ϕ ∈ ∆}, where xϕ are distin
t variables. ⊓⊔

The 
orresponden
e between logi
 and lambda-
al
ulus makes it possible

to translate results 
on
erning one of these systems into results about the

other. For instan
e we immediately derive that

• There is no 
ombinator of type ((p → q) → p) → p;

• Formula ((((p → q) → p) → p) → q) → q is an intuitionisti
 tautology,

be
ause we know that Peir
e's law (Example 2.1.4(i)) is not intuitionisti
ally

valid, and be
ause we 
an 
onstru
t the term

λx(((p→q)→p)→p)→q. x(λy(p→q)→p. y(λzp. x(λu(p→q)→pz))).

Appli
ations of normalization. Many properties regarding unprovabil-

ity 
an be di�
ult to obtain dire
tly. In Chapter 2 we used semanti
s for this

purpose. The Curry-Howard isomorphism suggests an alternative approa
h

to su
h problems, whi
h is based on normalization. Here is an example.

4.1.2. Proposition. The impli
ational logi
 IPC(→) is 
onsistent, i.e. there
are underivable judgements.

Proof. Assume that ⊢ p, where p is a propositional variable. Then ⊢ M : p
for some 
losed term M , whi
h by Theorem 3.5.1 
an be assumed normal.

So M = λy1 . . . ym. xM1 . . .Mn, by Remark 1.3.7, and be
ause of the type

of M , we must have m = 0. But then x is free in M , a 
ontradi
tion. ⊓⊔

The reader will perhaps �nd this result entirely obvious. Indeed, the 
on-

sisten
y of intuitionisti
 propositional 
al
ulus is an immediate 
onsequen
e

of soundness. However, other logi
al 
al
uli and theories are not always so

simple. A semanti
al 
onsisten
y proof (
onstru
tion of a model) may then

require 
on
epts and tools more sophisti
ated than normalization. Proposi-

tion 4.1.2 demonstrates an important proof method on a simple example.

In the next se
tion (and also in Se
tion 8.8) we will see another ap-

pli
ation of the Curry-Howard isomorphism and normalization. Questions


on
erning de
idability and 
omplexity of a logi
al system 
an easier be re-

solved if one 
an identify provability with the existen
e of normal inhabitants.

Other appli
ations of proof normalization are various 
onservativity results

(
f. Remark 7.3.7), program extra
tion pro
edures (like in the proof of The-

orem 12.7.11), and synta
ti
 proofs of various metamathemati
al properties

(disjun
tion property, existen
e property, independen
e of 
onne
tives, et
.)
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4.2. Type inhabitation

We now prove that the inhabitation problem for the simply typed lambda-


al
ulus is Pspa
e-
omplete. In parti
ular it is de
idable. An immediate


onsequen
e is that provability in IPC(→) is also de
idable and Pspa
e-


omplete. Compare this to the semanti
 proof obtained in Chapter 2 as

a 
onsequen
e of Theorem 2.4.12.

First we prove that our problem is in Pspa
e. It follows from normaliza-

tion that an inhabited type must have an inhabitant in normal form. Thus

it su�
es to 
onsider terms in normal form. In fa
t, it is 
onvenient to make

a further restri
tion.

4.2.1. Definition. We de�ne the notion of a Chur
h-style term in η-long

normal form (or just long normal form) as follows:

• If x is a variable of type τ1 → · · · → τn → p, and M τ1
1 , . . . ,M τn

n are in

η-long normal form, then (xM1 . . .Mn)
p
is in η-long normal form.

• If Mσ
is in η-long normal form then so is (λx:τ.M)τ→σ

.

Equivalently, a long normal form is a term of shape λxτ11 . . . xτnn . y
~N , where

~N

are normal forms. Informally speaking, a long normal form is a normal form

where all fun
tion variables are �fully applied� (all arguments are provided).

4.2.2. Lemma. For every Chur
h-style term Mσ
in β-normal form, there

exists a term Lσ in η-long normal form, su
h that Lσ ։η M
σ
.

Proof. Easy indu
tion with the help of Remark 1.3.7. ⊓⊔

4.2.3. Lemma. There is a polynomial spa
e algorithm to determine whether

a given type τ is inhabited in a given environment Γ.

Proof. If a type is inhabited then, by Proposition 4.1.1 and Lemma 4.2.2,

it is inhabited by a long normal form. To determine whether there exists

a long normal form M , satisfying Γ ⊢M : τ , we pro
eed as follows:

• If τ = τ1 → τ2, thenM must be an abstra
tion, M = λx:τ1.M
′
. Thus,

we look for an M ′
satisfying Γ, x : τ1 ⊢M ′ : τ2.

• If τ is a type variable, then M is an appli
ation of a variable to a se-

quen
e of terms. We nondeterministi
ally 
hoose a variable z, de
lared

in Γ to be of type τ1 → · · · → τn → τ . (If there is no su
h variable, we

reje
t.) If n = 0 then we a

ept. If n > 0, we re
ursively answer all the

questions whether τi are inhabited in Γ.
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This nondeterministi
 re
ursive (or alternating) pro
edure is repeated as

long as there are new questions of the form Γ ⊢ ? : τ . We 
an assume that in

a su

essful run of the pro
edure no su
h question is raised again (otherwise

we 
an 
onsider a shorter run). Note also that if there are two variables

in Γ, say x and y, de
lared to be of the same type σ, then ea
h term M


an be repla
ed with M [y := x] with no 
hange of type. This means that

a type τ is inhabited in Γ i� it is inhabited in Γ − {y : σ}, and it su�
es to


onsider 
ontexts with all de
lared types being di�erent. At ea
h step of our

pro
edure, the environment Γ either stays the same or it expands. And it 
an

remain un
hanged for at most as many steps as there are di�erent possible

formulas to the right of ⊢. Thus the depth of re
ursion does not ex
eed

the squared number of subformulas of types in Γ, τ , where Γ ⊢ ? : τ is the

initially posed question. It follows that the spa
e needed to implement our

algorithm is polynomial: The sta
k of pro
edure a
tivations is of polynomial

height, and ea
h re
ord on the sta
k is of polynomial size. ⊓⊔

The reader who has noti
ed the game �avour of the algorithm used in

the proof will see more of that in Se
tion 4.6. Now we have to show Pspa
e-

hardness. We de�ne a redu
tion from the satis�ability problem for 
lassi-


al se
ond-order propositional formulas (or �quanti�ed Boolean formulas�),

see Se
tion A.5.

Assume that a quanti�ed Boolean formula Φ is given. Without loss of

generality we may assume that the negation symbol ¬ does not o

ur in Φ,
ex
ept in the 
ontext ¬p, where p is a propositional variable.

Assume that all bound variables of Φ are di�erent and that no variable

o

urs both free and bound. For ea
h propositional variable p, o

urring in Φ
(free or bound), let αp and α¬p be fresh type variables. Also, for ea
h subfor-

mula ϕ of Φ, let αϕ be a fresh type variable. We 
onstru
t an environment ΓΦ

from the following types:

• (αp → αψ) → (α¬p → αψ) → α ∀pψ, for ea
h subformula ∀pψ;

• (αp → αψ) → α∃pψ, (α¬p → αψ) → α∃pψ, for ea
h subformula ∃pψ;

• αψ → αϑ → αψ∧ϑ, for ea
h subformula ψ ∧ ϑ;

• αψ → αψ∨ϑ and αϑ → αψ∨ϑ, for ea
h subformula ψ ∨ ϑ.

If v is a zero-one valuation of propositional variables, then Γv is ΓΦ extended

with the type variables

• αp, when v(p) = 1;

• α¬p, when v(p) = 0.

The following lemma is proved by a routine indu
tion with respe
t to the

length of formulas. Details are left to the reader.
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4.2.4. Lemma. For every subformula ϕ of Φ, and every valuation v, de�ned

on the free variables of ϕ, the type αϕ is inhabited in Γv i� [[ϕ]]v = 1. Thus,

to verify if Φ is a tautology, one 
he
ks if αΦ is inhabited in ΓΦ.

Observe that the number of subformulas of Φ does not ex
eed the length

of Φ. Thus the redu
tion from Φ to ΓΦ and αΦ 
an be performed in loga-

rithmi
 spa
e (provided we represent a variable αψ using a binary number,

rather than ψ itself). This implies the Pspa
e-hardness, whi
h together with

Lemma 4.2.3 gives the main result of this se
tion.

4.2.5. Theorem. The inhabitation problem for simply typed lambda-
al
ulus

is 
omplete for polynomial spa
e. ⊓⊔

An immediate 
onsequen
e of the above (and Theorem 2.6.2) is that the intu-

itionisti
 propositional logi
 (with all the 
onne
tives) is also Pspa
e-hard.

In Chapter 7 we will de�ne a polynomial spa
e algorithm for arbitrary for-

mulas, thus proving Pspa
e-
ompleteness of the full system (Exer
ise 7.13).

4.3. Not an exa
t isomorphism

We have just demonstrated that the formulas-as-types analogy 
an indeed

be useful. However, the reader may �nd Proposition 4.1.1 a little unsatis-

fa
tory. If we talk about an �isomorphism� then perhaps the statement of

the proposition should have the form of an equivalen
e? The 
on
luding sen-

ten
e is indeed of this form, but it only holds on a fairly high level: We must

abstra
t from the proofs and only ask about 
on
lusions. (Or, equivalently,

we abstra
t from terms and only ask whi
h types are non-empty.) To support

the idea of an �isomorphism,� we would 
ertainly prefer an exa
t, bije
tive


orresponden
e between proofs and terms.

Unfortunately, we 
annot improve Proposition 4.1.1 in this respe
t, at

least not for free. While it is 
orre
t to say that lambda-terms are essentially

annotated proofs, the problem is that some proofs 
an be annotated in more

than one way. For instan
e, the proof

p ⊢ p

p ⊢ p→ p

⊢ p→ p→ p


an be annotated as either λxpλyp x or λxpλyp y. And the three judgements

f : p→ p→ q, x : p ⊢ fxx : q;

f : p→ p→ q, x : p, y : p ⊢ fxy : q;

f : p→ p→ q, x : p, y : p, z : p ⊢ fxx : q

(and many others) 
orrespond to the same derivation:
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p→ p→ q, p ⊢ p→ p→ q p→ p→ q, p ⊢ p

p→ p→ q, p ⊢ p→ q p→ p→ q, p ⊢ p

p→ p→ q, p ⊢ q

As we 
an thus see, the di�eren
e between terms and proofs is that the

former 
arry more information than the latter. The reason is that in logi
,

the primary isssue is usually to determine provability of a formula, and in

this respe
t, 
ertain issues are irrelevant. It does not matter whether we

use the same assumption twi
e or if we use two di�erent assumptions about

the same formula. In fa
t, many of us would have obje
tions against the

very idea of �two di�erent assumptions about ϕ.� Indeed, in 
lassi
al or

intuitionisti
 logi
, on
e ϕ be
omes part of our knowledge, it 
an be asserted

as many times as we want. We don't make any distin
tion between repeated

statements of ϕ, it is just repeating the same information. On the 
ontrary,

in lambda-
al
ulus we 
an have many variables of the same type ϕ, and this


orresponds to making a di�eren
e between various assumptions about the

same formula.

But when studying proofs as su
h (rather than mere provability) it may

a
tually be useful to maintain exa
t bookkeeping of assumptions. A further

dis
overy is that, from a purely logi
al point of view, it 
an make a lot of

sense to see whether an assumption is used or not in an argument, or how

many times it has to be used. In resour
e-
ons
ious logi
s, a major example

of whi
h is linear logi
, these issues play a fundamental role. If we realize all

this, we 
on
lude that our natural dedu
tion proofs are simply too s
hemati


and perhaps a more informative proof system may turn our Curry-Howard


orresponden
e into a real isomorphism.

In fa
t, our formulation of natural dedu
tion is not very 
onvenient for

this spe
i�
 purpose. It 
an be more informative to write natural dedu
tion

proofs in the �traditional� way. We use this o

asion to explain it informally.

In this style, quite 
ommon in the literature on proof theory, one does not as-

so
iate a set of assumptions (the environment) to every node of a derivation.

Instead, one writes all the assumptions at the top, and puts in bra
kets (or


rosses out) those assumptions that have been dis
harged by the impli
ation

introdu
tion rule. To indi
ate whi
h assumptions are eliminated by whi
h

proof steps, one 
an enhan
e the notation by using labels:

[ϕ](i)

.

.

.

ψ
(i)

ϕ→ ψ

In general, in an →-introdu
tion step, we may dis
harge zero, one, or more

o

urren
es of the assumption. A label referring to an arrow-introdu
tion

proof step is then atta
hed to all dis
harged assumptions.
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The arrow elimination is represented as usual:

ϕ→ ψ ϕ

ψ

and a proof is a tree with all assumptions at the top and the 
on
lusion as

a root. It is now apparent that the �traditional� natural dedu
tion is more

�ne-grained than our simpli�ed notation (although often less 
onvenient in

use). Indeed, for instan
e

[p](1)

(1)
p→ p

(2)
⊢ p→ p→ p

and

[p](1)

(2)
p→ p

(1)
⊢ p→ p→ p

are two di�erent proofs of p → p → p, 
orresponding respe
tively to terms

λxpλyp y and λxpλyp x. However, this additional information is only available

about dis
harged assumptions, and not about the free ones. Indeed, our other

example, proving q from p→ p→ q and p, would be written as

p→ p→ q p

p→ q p

q

whi
h of 
ourse still gives no 
lue about the possible identi�
ation of the

two p's, until we dis
harge one or both of them. Thus, the �traditional�

natural dedu
tion allows us to 
laim an isomorphism

1

for 
losed terms and

proofs with no free assumptions (Exer
ise 4.8), but not for arbitrary proofs

and terms. To extend the isomorphism to arbitrary terms we need a proof sys-

tem with labeled free assumptions. One 
an design su
h a proof system, only

to dis
over that the resulting proofs, up to synta
ti
 sugar, are. . . another

representation of lambda-terms.

4.4. Proof normalization

The 
orresponden
e between proofs and lambda-terms suggests that redu
-

tion of lambda-terms should be related to a meaningful operation on proofs.

Indeed, proof normalization is a 
entral issue in proof theory and has been

studied by logi
ians independently. No surprise. On
e we agree that proofs

are as important in logi
 as the formulas they derive, it be
omes a basi


question whether two given proofs of the same formula should be 
onsidered

essentially identi
al, or whether they are truly di�erent. In parti
ular it is

desirable that an arbitrary proof 
an be identi�ed with a normal proof of

1

To be pre
ise, we also need alpha-
onversion on dis
harge labels.
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a 
ertain simple shape. A natural way to identify two proofs is to rewrite one

into another by means of a sequen
e of proof redu
tions.

2

As an example,


onsider the following natural dedu
tion proof:

p ⊢ p
(→I)

⊢ p→ p

p→ p, q ⊢ p→ p
(→I)

p→ p ⊢ q → p→ p
(→I)

⊢ (p→ p) → q → p→ p
(→E)

⊢ q → p→ p

This proof demonstrates that q → p → p is derivable. However, it does

so in a somehow ine�
ient way. By →-introdu
tion we derive the formula

(p → p) → q → p → p. Sin
e we 
an prove the assumption p → p, we apply

the →-elimination rule to obtain the 
on
lusion. That is, we introdu
e the

impli
ation only to immediately eliminate it. Su
h a pair 
onsisting of an

introdu
tion step followed by an elimination step (applied to the formula

just introdu
ed) is 
alled a detour . Here is a template of a detour.

Γ ⊢ ϕ

Γ, ϕ ⊢ ψ
(→I)

Γ ⊢ ϕ→ ψ
(→E)

Γ ⊢ ψ

This resembles of 
ourse a beta-redex (λx:ϕ.Mψ)Nϕ
whi
h is redu
ed by

repla
ing every o

urren
e of x with a 
opy of N . In a similar way, to get

rid of a detour, one repla
es every use of the assumption ϕ in the right-hand

side proof by a 
opy of the left-hand side proof. This operation turns our

proof of q → p→ p into a simpli�ed one:

p ⊢ p
(→I)

⊢ p→ p
(→I)

⊢ q → p→ p

Our example be
omes more transparent if we use the �traditional� notation

for natural dedu
tion proofs. Our initial proof is then written as

[p](3)

(3)
p→ p

[p→ p](1)

(2)
q → p→ p

(1)
(p → p) → q → p→ p

q → p→ p

2

This was �rst dis
overed by Gentzen, who designed sequent 
al
ulus espe
ially for this

purpose (see Chapter 7).
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and redu
es to

[p](3)

(3)
p→ p

(2)
q → p→ p

as a result of repla
ing the assumption [p → p](1) by the proof of p → p.

In general, we have the following redu
tion rule:

(∗)
·
·
·
ψ

[ψ](i)
·
·
·
ϕ

(i)
ψ → ϕ

ϕ

=⇒

(∗)
·
·
·
ψ
·
·
·
ϕ

whi
h should be read as follows. Repla
e ea
h o

urren
e of the assump-

tion [ψ](i) in the proof of ϕ by a separate 
opy of the proof of ψ marked

by (∗). Now we have an expli
it analogy with a substitution M [x := N ].

The pro
ess of eliminating proof detours is 
alled proof normalization,

and a proof tree with no detours is said to be in normal form, quite like

a term without redexes. An important appli
ation of the Curry-Howard iso-

morphism is that every proof 
an be turned into a normal form, be
ause ev-

ery typed term is normalizing. By the strong normalization theorem for λ→
(Theorem 3.5.5), the order of eliminating detours is also irrelevant.

4.4.1. Proposition. Ea
h provable judgement of NJ(→) has a normal proof.

Proof. Suppose that Γ ⊢ ϕ is derivable. Then by Proposition 4.1.1(ii) we

have ∆ ⊢M : ϕ where rg(∆) = Γ. By Theorem 3.5.5 we 
an assume that M

is in normal form. We show that Γ ⊢ ϕ has a normal proof by easy indu
tion

with respe
t to M , using Remark 1.3.7. ⊓⊔

Another form of detour, 
orresponding to eta-redu
tion, o

urs when

an arrow-elimination step is followed by an immediate re-introdu
tion of

the same impli
ation. Abusing the formalism slightly, we 
an represent this

situation as

Γ ⊢ ϕ→ ψ
(Ax)

Γ, ϕ ⊢ ϕ
(→E)

Γ, ϕ ⊢ ψ
(I →)

Γ ⊢ ϕ→ ψ

Again, the traditional notation is more illustrative, so we use it to show the

eta-rule for proofs:
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(∗)
·
·
·

ϕ→ ψ [ϕ](i)

ψ
(i)

ϕ→ ψ

=⇒

(∗)
·
·
·

ϕ→ ψ

where it is assumed that the assumption number i does not o

ur in the

proof represented by (∗).

4.5. Sums and produ
ts

The 
orresponden
e between derivations in NJ(→) and λ→ 
an be extended

to the whole system of intuitionisti
 propositional logi
 if the simply typed

λ-
al
ulus is appropriately extended. The BHK interpretation of Chapter 2

gives an expli
it guidan
e on how this extension should be made. First, a 
on-

stru
tion of a 
onjun
tion is a pair . That is, the formula ϕ ∧ ψ 
orresponds

to a produ
t type, and 
ould equally well be written as ϕ × ψ. A 
anoni-


al element of this type is a pair 〈M,N〉, where M is of type ϕ and N is

of type ψ. The 
reation of a pair 
orresponds to ∧-introdu
tion. The two

∧-elimination rules 
orrespond to the two proje
tions.

In type-free λ-
al
ulus, pairs and proje
tions were de�nable, but this is no

longer the 
ase in λ→. Indeed, as we have seen in Chapter 2 (Exer
ise 2.26),


onjun
tion is not de�nable by any impli
ational formula. This means we

have to add pairs and proje
tions to the term language.

In the same spirit, ϕ ∨ ψ is a disjoint sum (or variant) type, also 
alled


o-produ
t . An obje
t of a variant type 
onsists of data of either type ϕ or ψ

together with a �ag indi
ating the variant 
hosen.

It remains to observe that ⊥, the formula with no 
onstru
tion, should


orrespond to the empty type.

4.5.1. Warning. We use the logi
al symbols ∧ and ∨ to denote also the


orresponding types. Similar symbols are sometimes used to denote interse
-

tion and union types, whi
h have quite a di�erent meaning (see e.g. [26℄),

and whi
h 
orrespond to set-theoreti
 interse
tions and unions rather than

to produ
ts and 
o-produ
ts.

4.5.2. Definition.

(i) The syntax of extended Chur
h-style simply typed lambda-
al
ulus is

de�ned by the type assignment rules of Figure 4.1. As in Chapter 3,

this should be understood so that a �raw� expression be
omes a term

(in a given environment) only if it 
an be assigned a type a

ording to

these rules. The supers
ript in in
ϕ∨ψ
i (M), whi
h ensures type unique-

ness, is often omitted for simpli
ity, and we write just ini(M).
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(ii) The free variables in a (raw) term are de�ned as usual, with the fol-

lowing 
lauses added to De�nition 3.3.1(ii):

� FV(〈M,N〉) = FV(M) ∪ FV(N);

� FV(πi(M)) = FV(in1(M)) = FV(in2(M)) = FV(εϕ(M)) = FV(M);

� FV(caseM of [x]P or [y]Q) = FV(M)∪(FV(P )−{x})∪(FV(Q)−{y}).

That is, a variable in bra
kets is bound in the 
orresponding bran
h of

a 
ase-expression. Of 
ourse, the parti
ular 
hoi
e of bound variables

does not matter; that is, we 
onsider terms up to an (appropriately

generalized) alpha-
onversion. Substitution respe
ts the bindings, so

that for instan
e (case M of [x]P or [y]Q)[z := N ] is de�ned as

case M [z := N ] of [x]P [z := N ] or [y]Q[z := N ], for x, y 6∈ FV(N).

(iii) The beta-redu
tion relation on extended terms is de�ned as the smallest


ompatible relation →β extending the ordinary beta-redu
tion by:

π1(〈M1,M2〉) →β M1;
π2(〈M1,M2〉) →β M2;


ase in

ϕ∨ψ
1 (N) of [x]P or [y]Q →β P [x := N ];


ase in

ϕ∨ψ
2 (N) of [x]P or [y]Q →β Q[y := N ].

The intuitive meaning of pairs 〈M,N〉 and proje
tions πi(M) in the rules of

Figure 4.1 should be obvious. Also, the redu
tion rules (a proje
tion applied

to a pair returns a 
omponent) are as expe
ted. As far as disjun
tion is 
on-


erned, a term of the form in
ϕ∨ψ
1 (M) or of the form in

ϕ∨ψ
2 (N) represents the


onversion of M : ϕ (resp. N : ψ) into an element of the disjoint sum. These

are the 
anoni
al elements of ϕ∨ψ. The a
tual 
ontents of a givenM : ϕ ∨ ψ
is examined by a case-statement caseM of [x]P or [y]Q. Depending on the

result, either the �rst bran
h or the se
ond one is exe
uted.

Finally, the expression εϕ(M) is a mira
le of type ϕ. If M : ⊥ then M is

�the thing whi
h is not�. On
e we have a
hieved the impossible, we should

be able to do whatever we wish.

4.5.3. Proposition (Curry-Howard isomorphism).

(i) If Γ ⊢ M : ϕ then rg(Γ) ⊢ ϕ.

(ii) If ∆ ⊢ ϕ, then there are M and Γ with Γ ⊢ M : ϕ and rg(Γ) = ∆.

There is a general pattern in the above rules, related to the duality be-

tween introdu
tion and elimination in natural dedu
tion. Ea
h data type

(fun
tion spa
e, produ
t, sum) 
omes with its own 
onstru
tors. The 
on-

stru
tors are operators 
reating 
anoni
al obje
ts of the parti
ular types

and the destru
tors use these obje
ts in 
omputation. It may happen that
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Γ, x :ψ ⊢ x : ψ

Γ, x :ϕ ⊢ M : ψ

Γ ⊢ (λx:ϕM) : ϕ→ ψ

Γ ⊢ M : ϕ→ ψ Γ ⊢ N : ϕ

Γ ⊢ (MN) : ψ

Γ ⊢ M : ψ Γ ⊢ N : ϕ

Γ ⊢ 〈M,N〉 : ψ ∧ ϕ

Γ ⊢ M : ψ ∧ ϕ

Γ ⊢ π1(M) : ψ

Γ ⊢ M : ψ ∧ ϕ

Γ ⊢ π2(M) : ϕ

Γ ⊢ M : ϕ

Γ ⊢ in

ϕ∨ψ
1 (M) : ψ ∨ ϕ

Γ ⊢ M : ψ

Γ ⊢ in

ϕ∨ψ
2 (M) : ψ ∨ ϕ

Γ ⊢ L : ϕ ∨ ψ Γ, x :ϕ ⊢ M : ρ Γ, y :ψ ⊢ N : ρ

Γ ⊢ (
ase L of [x]M or [y]N) : ρ

Γ ⊢M : ⊥

Γ ⊢ εψ(M) : ψ

Figure 4.1: Extended simply typed lambda-
al
ulus

a destru
tor de
omposes a 
omplex obje
t and returns a simpler obje
t of

a 
omponent type. This is how a proje
tion works, but noti
e that the re-

sult of applying a 
ase-statement to an obje
t of a sum type may be of an

arbitrary type. However there is always an analogy between a proof detour

and a beta-redex. The introdu
tion-elimination detour 
orresponds to a 
on-

stru
tor dire
tly passed to a destru
tor. A proje
tion applied to a pair, an

abstra
tion given an argument, or a 
ase-dispat
h on an expli
itly indi
ated

variant�all these expressions are ready for evaluation and may be subje
t

to a redu
tion step.

We omit the proof of the following theorem, be
ause it is a 
orollary of

stronger results we 
onsider later in the book. See Exer
ises 6.16 and 11.29.

4.5.4. Theorem. The extended simply typed lambda-
al
ulus is strongly nor-

malizing.

A 
onsequen
e of the above is the Chur
h-Rosser property, whi
h 
an be

obtained with help of Newman's lemma, after an easy veri�
ation of WCR

(
f. Se
tion 3.6).
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A small summary. Various other aspe
ts and 
omponents of proofs also


orrespond to 
omputational phenomena. For instan
e, the natural dedu
tion

axiom (a free assumption) is re�e
ted by the use of a variable in a term.

The provability problem translates to the inhabitation problem. The subje
t

redu
tion property means that removing detours in a proof yields a proof of

the same formula, and the Chur
h-Rosser theorem states that the order of

proof normalization is immaterial. Here is a little glossary:

logi
 lambda-
al
ulus

formula type

propositional variable type variable


onne
tive type 
onstru
tor

impli
ation fun
tion spa
e


onjun
tion produ
t

disjun
tion disjoint sum

absurdity empty type

proof term

assumption obje
t variable

introdu
tion 
onstru
tor

elimination destru
tor

proof detour redex

normalization redu
tion

normal proof normal form

provability inhabitation

In the remainder of this book the 
on
epts 
orresponding to one another

under the isomorphism are often used inter
hangeably. Systems to be intro-

du
ed in the following 
hapters will be 
onsidered from these two points of

view: as typed lambda-
al
uli and as logi
s. And our glossary will expand.

4.6. Prover-skepti
 dialogues

Re
all the BHK-interpretation from Chapter 2. We 
an imagine the devel-

opment of a 
onstru
tion for a formula as a dialogue between a prover, who

is to produ
e the 
onstru
tion, and a skepti
, who doubts that it exists.

Prover 1: I assert that ((p → p) → (q → r → q) → s) → s holds.

Skepti
 1: Really? Let us suppose that I provide you with a 
onstru
tion of

(p→ p) → (q → r → q) → s. Can you then give me one for s?

Prover 2: I got it by applying your 
onstru
tion to a 
onstru
tion of p→ p

and then by applying the result to a 
onstru
tion of q → r → q.



dr
af

t

90 Chapter 4. The Curry-Howard isomorphism

Skepti
 2: Hmm. . . you are making two new assertions. I doubt the �rst

one the most. Are you sure you have a 
onstru
tion of p→ p? Suppose

I give you a 
onstru
tion of p, 
an you give me one ba
k for p?

Prover 3: I 
an just use the same 
onstru
tion!

A dialogue starts with the prover making an assertion. Based on the prover's

assertion, the skepti
 presents a list of o�ers to the prover and then presents

a 
hallenge. The o�ers do not 
onsist of a
tual 
onstru
tions; rather, the

skepti
 is telling the prover to 
ontinue under the assumption that she has

su
h 
onstru
tions. The prover must meet the 
hallenge using these o�ers as

well as previous o�ers. In doing so, the prover is allowed to introdu
e new

assertions. The skepti
 then rea
ts to ea
h of these assertions, et
.

Here is another dialogue starting from the same assertion (the �rst three

steps are identi
al to the pre
eding dialogue):

Skepti
 2': Hmm. . . you are making two new assertions. I doubt the se
ond

one the most. Are you sure you have a 
onstru
tion of q → r → q? If I

give you 
onstru
tions of q and r, 
an you give me one for q?

Prover 3': I 
an use the one you just gave me!

If the prover, in a given step, introdu
es several new assertions, then the

skepti
 may 
hallenge any one of them�but only one, and always one from

the latest prover step. Conversely, the prover must always respond to the

latest 
hallenge, but she may use any previous o�er that the skepti
 has

made, not just those from the latest step.

A dialogue ends when the player who is up 
annot respond, in whi
h


ase the other player wins; here we think of the dialogues as a sort of game

or debate. The skepti
 has no response, if the prover's last step did not

introdu
e new assertions to address the skepti
's last 
hallenge. The prover

has no response, if the skepti
's last step introdu
ed a 
hallenge that 
annot

be addressed using any of the skepti
's o�ers.

A dialogue 
an 
ontinue in�nitely, whi
h is regarded as a win for the

skepti
. For example, the prover starts by asserting (a→ b) → (b→ a) → a,

the skepti
 o�ers a → b and b → a and 
hallenges the prover to produ
e

a 
onstru
tion of a. She 
an do this by applying the se
ond o�er to an

alleged 
onstru
tion of b, whi
h the skepti
 will then 
hallenge the prover

to 
onstru
t. Now the prover 
an respond by applying the �rst o�er to an

alleged 
onstru
tion of a, et
.

A prover strategy is a te
hnique for arguing against the skepti
. When

the skepti
 has a 
hoi
e�when the prover introdu
es more than one new

assertion�the prover has to anti
ipate all the di�erent 
hoi
es the skepti



an make and prepare a rea
tion to ea
h of them. Su
h a strategy 
an be

represented as a tree where every path from the root is a dialogue, and where
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every node labeled with a prover step has as many 
hildren as the number

of assertions introdu
ed by the prover in her step; ea
h of these 
hildren is

labeled with a skepti
 step 
hallenging an assertion. For instan
e, the above

two dialogues 
an be 
olle
ted into the prover strategy in Figure 4.2. A prover

strategy is winning if all its dialogues are won by the prover.

Prover 1

��

Skepti
 1

��

Prover 2

wwnnnnnnnnnnnn

''PPPPPPPPPPPP

Skepti
 2

��

Skepti
 2'

��

Prover 3 Prover 3'

Figure 4.2: Prover strategy

One 
an extra
t the 
onstru
tion for a formula from a winning prover strat-

egy. Indeed, if we a

ept simply typed λ-terms of type ϕ as 
onstru
tions of ϕ,

then the 
onstru
tion is obtained by viewing the skepti
's steps as lambda-

abstra
tions and the prover's steps as appli
ations, as outlined in Figure 4.3.

P1

��

S1 λx : (p→p)→(q→r→q)→s. · · ·

��

P2 x · · · · · ·

tthhhhhhhhhhhhhhhhhh

++VVVVVVVVVVVVVVVVVVV

S2 λy :p. · · ·

��

S2' λu :q.λv :r. · · ·

��

P3 y
P3' u

Figure 4.3: Constru
tions from strategies
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In fa
t, we 
an think of the extra
ted λ-term, whi
h is an η-long normal

form, as a 
onvenient representation of the strategy. And the 
onstru
tion

of long forms in the Ben-Yelles algorithm (see Lemma 4.2.3) 
an be seen as

the sear
h for a winning prover strategy.

We now de�ne these 
on
epts rigorously for minimal impli
ational logi
.

For te
hni
al reasons it is 
onvenient to 
onsider dialogues (about some for-

mula ϕ) relative to a 
olle
tion Γ of o�ers provided in advan
e.

Warning. The dialogues 
onsidered in this 
hapter are somewhat di�erent

than the ones originating with Lorenzen�see Chapter 6.

4.6.1. Definition. A dialogue over (Γ, ϕ) is a possibly in�nite sequen
e

(Σ1, α1), (Π1, β1), (Σ2, α2), (Π2, β2) . . ., where αi, βj are propositional vari-

ables and Σi,Πj are �nite or empty sequen
es of formulas, satisfying:

(i) Σ1 = ϕ and α1 = ⊤. (Prover begins.)3

(ii) αi+1 = βi. (Prover meets the 
hallenge of the pre
eding step.)

(iii) Σi+1 → αi+1 ∈ Γ ∪ Π1 ∪ . . . ∪ Πi. (Prover uses an available o�er.)

4

(iv) Πi → βi ∈ Σi. (Skepti
 
hallenges a formula from the pre
eding step.)

A winning prover strategy for (Γ, ϕ) (or just �for ϕ� when Γ is empty) is

a labeled tree where:

• Every bran
h is a dialogue over (Γ, ϕ).

• Every node labeled with a prover step with n assertions has n 
hildren

labeled with distin
t steps.

• Every node labeled with a skepti
 step has one 
hild.

• All bran
hes are �nite and end in a leaf labeled with a prover step with

no assertions.

A prover step (Σ, α) means meeting 
hallenge α by introdu
ing new asser-

tions Σ. A skepti
 step (Π, β) means a 
hallenge to prove β with permission

to use o�ers Π. An assertion (e.g. the initial formula) may be atomi
; in this


ase, the prover will be 
hallenged to prove it without any additional o�ers.

4.6.2. Theorem. There is a winning prover strategy for ϕ i� ϕ is a theorem

in minimal impli
ational logi


3

The 
hoi
e α1 = ⊤ in this 
ase is an arbitrary 
onvention.

4(ψ1, . . . , ψn) → ϕ means ψ1 → · · · → ψn → ϕ. For n = 0, this boils down to just ϕ.
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Proof. For the dire
tion from left to right, let D be a winning prover strat-

egy for ϕ. For ea
h skepti
 node (Π, β), we 
onsider the a

umulated set of

o�ers Γ, i.e. the union of all o�ers made in the dialogue from the root to this

node. For any subtree D′
with root (Π, β) that has a

umulated o�ers Γ, we

now show that Γ ⊢ β in minimal impli
ational logi
. The form of D′
must

be (n ≥ 0):

(Π, β)

��

(Σ, β)

yyttttttttt

%%JJJJJJJJJ

(Π1, β1) . . . (Πn, βn)

Ea
h 
hild has a

umulated o�ers Γ ∪ Πi (viewing Πi as the set of its

elements). By the indu
tion hypothesis Γ,Πi ⊢ βi, so Γ ⊢ Πi → βi. Sin
e

Σ = Π1 → β1, . . . ,Πn → βn, also Γ ⊢ (Π1 → β1) → · · · → (Πn → βn) → β

(an equivalent o�er must have been stated) so Γ ⊢ β by modus ponens.

In parti
ular, D has root label ((ϕ),⊤) and single 
hild labeled (Π, β),
where ϕ = Π → β, so Π ⊢ β, i.e. ⊢ ϕ.

For the opposite dire
tion, assume ⊢ ϕ. There is a 
losed λ-term of type ϕ.

By normalization and Lemma 4.2.2 we 
an assume that the term is in η-long

normal form, so it su�
es to show that if

x1 : ψ1, . . . , xn : ψn ⊢M : ϕ

for η-long normal form M , then there is a winning prover strategy for

({ψ1, . . . , ψn}, ϕ). We pro
eed by indu
tion on the size of M . Let

M = λx
ψn+1

n+1 . . . x
ψn+m

n+m . xk N1 . . . Nl,

where 1 ≤ k ≤ n+m. Then

x1 : ψ1, . . . , xn+m : ψn+m ⊢ Ni : ρi

for ea
h i, where ψk = ρ1 → . . . ρl → α and ϕ = ψn+1 → . . . → ψn+m → α.

By the indu
tion hypothesis, there is a winning prover strategy for ea
h

({ψ1, . . . , ψn+m}, ρi). It must have form

(ρi,⊤)

��

(Πi, βi)

��

Di
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Then we have the following strategy for ({ψ1, . . . , ψn}, ϕ):

(ϕ,⊤)

��

((ψn+1, . . . , ψn+m), α)

��

((ρ1, . . . , ρl), α)

vvlllllllllllll

((RRRRRRRRRRRRR

(Π1, β1)

��

. . . (Πl, βl)

��

D1 Dl

This 
on
ludes the proof. ⊓⊔

In the dire
tion from left to right we 
ould 
onstru
t λ-terms of type β rather

than prove Γ ⊢ β, and it is not di�
ult to see that these are a
tually η-long

normal forms. Thus we 
an state the following identi�
ation:

Winning prover strategy ∼ η-long normal form.

More pre
isely, in a term

λx
ψ1

1 . . . xψn

n . xiM1 . . .Mm,

the abstra
tions 
orrespond to o�ers made by the skepti
, and the type of

xiM1 . . .Mm is the 
hallenge by the skepti
. The variable xi represents the

prover's 
hoi
e of o�er, and the terms M1, . . . ,Mm represent the 
ontinued

dialogue in ea
h bran
h of the winning prover strategy.

4.7. Prover-skepti
 dialogues with absurdity

What was said above 
on
erns minimal logi
. What happens when we add

absurdity and the rule ex falso sequitur quodlibet? The BHK interpretation

states that �there is no 
onstru
tion of ⊥.� If the skepti
 a
tually makes ⊥
as an o�er, or makes an o�er from whi
h ⊥ 
an be inferred, he is 
reating

false assumptions. In this 
ase the prover should be permitted to abort the


urrent 
hallenge�the skepti
 is not playing by the book. The prover 
an

provoke su
h 
ir
umstan
es by making assertions that will for
e the skepti


to provide 
ontradi
tory information, as in the following example.
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Prover 1: I assert that p→ ¬p→ q holds!

Skepti
 1: Really? Suppose I give you 
onstru
tions of p and ¬p, 
an you

give me a 
onstru
tion of q?

Prover 2: I do not believe you 
an provide su
h 
onstru
tions. By applying

your se
ond o�er to a 
onstru
tion of p, I get absurdity, and that's

impossible!

Skepti
 2: Sure, but I doubt you have a 
onstru
tion of p.

Prover 3: I 
an just use the one you gave me earlier on. I win!

4.7.1. Definition. Dialogues and strategies are as in De�nition 4.6.1 ex
ept

that α, β now range over all atomi
 propositions, i.e. not only propositional

variables, but also ⊥. (This will be the 
onvention for the rest of this se
tion.)

Moreover, 
ondition (ii) is repla
ed by:

(ii) αi+1 = βi (prover meets 
hallenge of pre
eding step) or αi+1 = ⊥
(prover aborts pre
eding 
hallenge).

Note that if the prover has to make new assertions to derive absurdity, then

the skepti
 will 
hallenge these, so it is not the dialogue as su
h that is

aborted, only the latest 
hallenge.

In order to represent strategies as terms, we use the extended simply

typed λ-
al
ulus from Se
tion 4.5 without pairs and sums, but with ε, here

denoted λε-
al
ulus. The following redu
tion rules are needed.

4.7.2. Definition. The relation →ε is the smallest 
ompatible relation 
on-

taining the following rules:

εϕ→ψ(M)N →ε εψ(M) (ε1)

εψ(ε⊥(M)) →ε εψ(M) (ε2)

The term εϕ(M) expresses the fa
t that the prover has inferred absurdity

from a skepti
 o�er, and that she is aborting the attempt to meet the skepti
's


hallenge. We 
an view this as though the prover has produ
ed an imaginary


onstru
tion of ϕ. The redu
tion rule (ε1) 
aptures the fa
t that rather than
produ
ing an imaginary 
onstru
tion of an impli
ation ϕ → ψ and then

applying this 
onstru
tion to a 
onstru
tion of ϕ to obtain a 
onstru
tion

of ψ, we might as well �abort� the argument and produ
e an imaginary


onstru
tion of ψ dire
tly.

In order to relate the revised prover-skepti
 games to provability in intu-

itionisti
, impli
ational logi
 we need some preparations.

4.7.3. Theorem. The redu
tion →βε is normalizing.
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Proof. First redu
e a term to β-normal form. From the point of view of

β-redu
tions, there is no di�eren
e between εϕ(M) and x⊥→ϕM , where x

is a fresh variable, so by the normalization theorem, su
h a β-normal form

exists. Then redu
e to ε-normal form, whi
h is possible sin
e ea
h redu
tion

de
reases the term size. Finally note that ε-redu
tion steps 
annot 
reate

β-redexes, so the resulting term is still in β-normal form. ⊓⊔

4.7.4. Definition. The set of η-long normal forms of λε-
al
ulus is the

smallest set 
losed under the following rules (where m ≥ 0):

• If y has type τ1 → · · · → τn → α and Mi is an η-long normal form of

type τi, then the following term is also an η-long normal form:

λyσ1

1 . . . yσm

m . yM1 . . .Mn.

• If y has type τ1 → · · · → τn → ⊥ and Mi is an η-long normal form of

type τi, then the following term is also an η-long normal form:

λyσ1

1 . . . yσm

m . εα(yM1 . . .Mn).

4.7.5. Lemma. For every simply typed λε-term, there is another simply typed

λε-term of the same type in η-long normal form.

Proof. Given a term of type ϕ = σ1 → · · · → σm → α, we pro
eed by

indu
tion on the term. We 
an assume it is in βε-normal form, i.e.

λyσ1

1 . . . y
σk

k . εψ(yM1 . . .Mn) or λyσ1

1 . . . y
σk

k . yM1 . . .Mn,

where k ≤ m and ψ = σk+1 → · · · → σm → α. By the indu
tion hypothesis,

we 
an let Ni be an η-long normal form of Mi. Then the desired term is,

respe
tively:

λyσ1

1 . . . yσm

m . εα(yN1 . . . Nn) or λyσ1

1 . . . yσm

m . yN1 . . . Nn yk+1 . . . ym. ⊓⊔

4.7.6. Theorem. There is a winning prover strategy for ϕ i� ϕ is a theorem

in intuitionisti
 impli
ational logi
.

Proof. Similar to the proof of Theorem 4.6.2. ⊓⊔

4.8. Notes

Surprisingly, the an
ient Greeks probably did not know about the Curry-Howard

isomorphism. But some authors tra
e the roots of the idea ba
k to S
hön�nkel,

Brouwer, Heyting, or even Frege and Peano.

Although it is hard to deny that the proof interpretation of Brouwer-Heyting-

Kolmogorov is fundamental for the propositions-as-types 
orresponden
e, we would

not go so far as to 
laim that the BHK interpretation and Curry-Howard isomor-

phism are the same. The formulas-as-types paradigm is one possible way of under-

standing BHK. And e.g. realizability (see Chapter 9) 
an be seen as another.
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Formulas-as-types. To our knowledge, the �rst expli
it statement that may be


onsidered the beginning of the subje
t o

urs in Curry's [102℄, as footnote 28:

Note the similarity of the postulates for F and those for P . If in any of the former

postulates we 
hange F to P and drop the 
ombinator we have the 
orresponding

postulate for P .

Here P stands for impli
ation and F for a �fun
tionality� 
ombinator, su
h that

FABf essentially means as mu
h as f : A→ B. In fa
t, Curry must have realized

the similarity several years before. As pointed out by Hindley [237℄, a remark on

page 588 of [100℄ is a hint of that. In the same paper, and also in [101℄, there is

another hint. Properties of⊃ are named PB, PC, PW and PK, after the 
ombinators

B, C, W and K. From [439℄ we know that Curry used this notation as early as 1930.

Years later, Carew Meredith independently observed the analogy between proofs

and 
ombinators, 
f. [237, 339℄.

The 
orresponden
e was made pre
ise (for typed 
ombinatory logi
) by Curry

and Feys in [107, Chapter 9℄ by means of two theorems. Theorem 1 (p. 313) states

that inhabited types are provable, and Theorem 2 (p. 314) states the 
onverse.

Before Howard, various authors, e.g. Kreisel, Goodman, and S
ott, 
ontributed

to the understanding of the relationship between formulas and types. In the paper of

Läu
hli [298℄, pre
eded by the quarter-page abstra
t [297℄, formulas are assigned sets

and provability 
orresponds to non-emptiness. Stenlund [459℄, who probably �rst

used the word �isomorphism�, points out the inspiration 
oming from the Diale
ti
a

interpretation, so that also Gödel should be 
ounted as one of the fathers of the

paradigm. However, all these works are relevant to only one aspe
t of what we


all Curry-Howard isomorphism: the essentially �stati
� 
orresponden
e between

provable theorems and inhabited types.

Redu
tion as 
omputation. The other important aspe
t is the relationship be-

tween proof normalization and 
omputation (term redu
tion). The paper often


redited for the dis
overy of this is Tait's [466℄. For instan
e, Howard himself de-


lares in [247℄ that he was inspired by Tait. Instead of proving that an expression of

type �number� is equal to a 
ertain number, Tait redu
es the expression to normal

form. Thus, in a sense, term redu
tion is used instead of proof normalization. But

the statement of the propositions-as-types paradigm 
an hardly be 
onsidered ex-

pli
it in [466℄. Also Curry and Feys, who used 
ut-elimination in [107℄ to prove the

normalization theorem for simply typed terms, seem not to pay real attention to the

relationship between proof redu
tion and 
omputation. An expli
it statement of

the �dynami
� aspe
t of the isomorphism did not o

ur in the literature until 1969,

when the famous paper of Howard began to be �privately 
ir
ulated�.

Howard did not publish his manus
ript [247℄ until 1980 when it be
ame part

of Curry's Fests
hrift [441℄. By then, the paper was already well-known, and the

idea of formulas-as-types had gained 
onsiderable popularity. (As early as 1969,

Martin-Löf applied Howard's approa
h in a strong normalization proof.)

The dozen pages of [247℄ explain the fundamentals of the proofs-as-terms para-

digm on the level of impli
ational logi
, with expli
it emphasis on the relationship

between normalization of terms and normalization of proofs. The approa
h is then

extended to other propositional 
onnne
tives, and �nally a term language for Heyt-

ing Arithmeti
 (�rst-order intuitionisti
 arithmeti
) is introdu
ed and dis
ussed.

Proofs as obje
ts. While Curry and Howard are given fair 
redit for their dis-


overy, the 
ontribution of Ni
olaas Govert de Bruijn is not always properly re
og-

nized. De Bruijn not only made an independent statement of the 
orresponden
e
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between proofs and obje
ts, but he was also the �rst to make pra
ti
al use of it.

His �mathemati
al language� Automath [58, 60, 57, 360℄, developed in Eindhoven

from 1967 onward (at the same time when Howard's paper was written), was a tool

for writing mathemati
al proofs in a pre
ise way so that they 
ould be veri�ed by

a 
omputer. Automath be
ame an inspiration for the whole area of logi
al frame-

works and proof assistants. Many fundamental 
on
epts were for the �rst time used

in Automath. Dependent types, with impli
ation de�ned as a spe
ial 
ase of univer-

sal quanti�er is an outstanding example. The idea of proofs as obje
ts is exploited

from the very beginning. Propositions are represented as sets (�
ategories�) of their

proofs, and the question of provability be
omes the question of non-emptiness.

S
ott appre
iated the importan
e of de Bruijn's work very early. The in�uential

paper [437℄, whi
h appeared in the same volume as [58℄, applied the 
on
epts and

ideas from Automath (designed for 
lassi
al proof en
oding) in an intuitionisti


�
al
ulus of 
onstru
tions�.

In the early 1970's also Per Martin-Löf began his e�ort to develop a 
onstru
tive

type theory, aimed at providing a foundational basis for 
onstru
tive mathemati
s.

After over
oming some initial di�
ulties (the �rst version was in
onsistent�this

is now 
alled Girard's paradox ) Martin-Löf's type theory [325, 326, 327℄ turned

out to be very su

essful. It is often said to be as important for 
onstru
tivism as

axiomati
 set theory is for 
lassi
al mathemati
s. In parti
ular, Martin-Löf's work

was essential for our present understanding of the Curry-Howard isomorphism as

the identi�
ation between propositions and types. Not so unexpe
tedly, Martin-

Löf's theory 
an be seen as a prototypi
 programming language [328, 365, 366℄ and

a programming logi
 in one.

As mentioned above, Automath pre
eded many systems introdu
ed later with

the aim of me
hanizing the pro
ess of proof design and proof veri�
ation. The design

of su
h systems is often more or less related to the �proofs-as-obje
ts� paradigm,

see [33℄. Among these, let us name a few.

The a
ronym LCF (for �Logi
 of Computable Fun
tions�) denotes several ver-

sions of a system originating in 1972 from a proof-
he
ker designed by Milner. Cur-

rently, the most important des
endants of LCF are system HOL (for �Higher-Order

Logi
�) and Isabelle, see [197, 364℄.

Another line of resear
h, inspired by Martin-Löf's type theory, was undertaken

by Constable and his 
o-workers also in the early 1970's. The �Program Re�nement

Logi
� (or �Proof Re�nement Logi
�) PRL gave rise to the system Nuprl, 
urrently

one of the most well-known and a
tively evolving systems for proof development

and software veri�
ation [81, 82℄.

The systems of the 1970's 
an all be re
ognized as inspiration for the Formel

proje
t initiated in Fran
e at the beginning of the 1980's. An important theoreti
al

tool in this resear
h was the Cal
ulus of Constru
tions proposed by Coquand and

Huet in mid 1980's and then developed and extended by Luo, Paulin-Mohring and

others. The Cal
ulus of Constru
tions, to whi
h we return in Chapter 14, provided

the formalism on whi
h the proof-assistants Coq [44℄ and Lego are based.

Proofs into programs. Witness extra
tion is the problem of extra
ting from

a proof of ∃xP (x) a spe
i�
 value a su
h that P (a) holds. Similarly, one 
an 
onsider

the problem of extra
ting from a proof of ∀x∃yP (x, y) a fun
tion f su
h that

∀xP (x, f(x)); this is 
alled program extra
tion. For instan
e, a 
onstru
tive proof

of a spe
i�
ation, say of the form

∀x ∃y. ordered(y) ∧ permutation(x, y)
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should impli
itly 
ontain a sorting algorithm. The idea that a proof of a spe
i�
a-

tion might be turned into a program ful�lling this spe
i�
ation attra
ted resear
hers

in theoreti
al 
omputer s
ien
e already in the 1960's, and various te
hniques were

applied in this dire
tion, see e.g. [321℄. Witness extra
tion methods based on res-

olution proofs developed in the late 1960's 
ontributed to the birth of what is

now 
alled logi
 programming. For instan
e, Constable [79℄ and then Marini and

Miglioli [322℄ dis
ussed the idea of extra
ting an algorithm from a proof with the

help of Kleene's realizability approa
h. Constable's PRL and Nuprl were partly

motivated by this dire
tion of work. A few years later, Goto and Sato investigated

a program extra
tion pro
edure based on the Diale
ti
a interpretation (see Chap-

ter 10). The Japanese s
hool provided the ba
kground on whi
h Hayashi invented

the system PX [217℄.

The Curry-Howard isomorphism identi�es a proof (of a spe
i�
ation) and the

program (meeting that spe
i�
ation). Thus the program extra
tion pro
ess sim-

ply amounts to deleting all �
omputationally irrelevant� 
ontents from the proof.

In Chapter 12 we will see an example of a dire
t program extra
tion pro
edure in

the proof of Girard's result: If ∀x∃yP (x, y) is provable in se
ond-order arithmeti
,

then a fun
tion f satisfying ∀xP (x, f(x)) is de�nable in the polymorphi
 λ-
al
ulus.

Issues related to Curry-Howard style program extra
tion o

ur in the literature

sin
e mid 1970's. See [25, 43, 80, 191, 280, 288, 382, 386℄ as a small sample of that


ategory. Although the issue of pra
ti
al software development based on these ideas

is still a matter of the future, the resear
h goes on (see e.g. the system Minlog

of [430℄) and the last word is 
ertainly not said yet in this area.

Mis
ellanea. To make a few more spe
i�
 
omments, the de
idability of propo-

sitional intuitionisti
 logi
 was already known to Gentzen in 1935 and we will dis-


uss his (synta
ti
) proof in Chapter 7. The algorithm we used in the proof of

Lemma 4.2.3, impli
it in in Wajsberg's [505℄, is often referred to as the Ben-Yelles

algorithm, for Choukri-Bey Ben-Yelles, who de�ned a pro
edure to 
ount the num-

ber of inhabitants of a type (see [237℄). A polynomial spa
e algorithm (based on

a Kripke model 
onstru
tion) was also given by Ladner [292℄, and the Pspa
e-


ompleteness is from Statman [455℄. There is also a semanti
al Pspa
e-hardness

proof by �vejdar [463℄.

Normalization for natural dedu
tion proofs with all the standard propositional


onne
tives was �rst shown by Prawitz [403℄, and variants of this proof o

ur in

newer books like [113, 489℄. Strong normalization proofs 
an be found e.g. in [398℄

and [160℄, and for espe
ially short ones the reader is referred to [122, 255℄. The

latter paper only 
overs the 
ase of impli
ation and disjun
tion, but that is quite

enough, see Exer
ise 4.16.

We are 
on
erned in this book with the 
orresponden
e between logi
s and

lambda-
al
uli. However, there is another 
orresponden
e: between logi
s and di-

alogue games. The �dialogi
al� approa
h to logi
 originates with Lorenzen [315℄,

and works by Lorenz [314℄, Fels
her [147℄ and others 
ontributed to the subje
t

(see notes to Chapters 6 and 7). However, the games 
onsidered in this 
hapter are

somewhat di�erent than those of Lorenzen. We return to the latter type in Chap-

ter 7. There are various other game-related approa
hes to logi
, of whi
h we only

mention Girard's new 
on
ept of ludi
s [186, 187℄.

If we look at the formulas-as-types paradigm from the point of view of 
ategor-

i
al semanti
s, we dis
over yet another side of the same 
orresponden
e. Obje
ts

and morphisms 
orrespond to types and terms, and also to formulas and proofs.
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This analogy was �rst dis
overed by Lawvere [300℄ and Lambek. See [18, 294℄ for

more on that subje
t.

Various other forms of the 
orresponden
e have been dis
overed in re
ent years,

and many old ideas turned out to be relevant. For instan
e, Ajdukiewi
z's and

Lambek's grammars, used in the analysis of natural languages [40, 64, 293, 354℄,

have a 
lose relationship to type assignment, as �rst observed by Curry [107, p. 274℄.

Papers [16, 123, 127, 128, 287, 372, 373, 497℄ dis
uss various other fa
es of the

Curry-Howard 
orresponden
e, related to modal logi
, illative 
ombinatory logi
,

interse
tion types, low-level programming, et
. et
. Among these, linear logi
 (see

the notes to Chapter 5) takes a distinguished pla
e.

The histori
al arti
le [247℄, as well as the 
ru
ial se
tion 9E of [107℄ are reprinted

in the 
olle
tion [206℄. Other arti
les in
luded in [206℄ 
over various aspe
ts of the

Curry-Howard 
orresponden
e. Hindley's book [237℄ 
ontains a detailed study of the

paradigm on the simply typed level. In parti
ular, the exa
t 
orresponden
e between


losed terms and assumption-free proofs (
f. Exer
ise 4.8) is expli
itly formulated

there as Theorem 6B7(iii). The reader will enjoy the explanation in [22℄ on how the

isomorphism extends to various data types and how the �inversion prin
iple� works

on these. For a further and deeper study of the Curry-Howard interpretation of

indu
tive types and families, see [139, 140℄. A textbook presentation of the Curry-

Howard isomorphism 
an be found in [189℄, and a re
ent monograph [444℄ takes

a serious look at the subje
t. Among various survey arti
les of the Curry-Howard

isomorphism we re
ommend [85, 161, 238, 487, 504℄.

4.9. Exer
ises

4.1. (From [510℄.) Are the following formulas intuitionisti
ally valid?

(i) ((p→ q) → r) → (p→ r) → r?

(ii) ((((p → q) → r) → (p→ r) → r) → q) → q?

Hint: Are these types inhabited?

4.2. Show that K and S are the only 
losed normal forms of types p→ q → p and

(p→ q → r) → (p→ q) → p→ r, respe
tively.

4.3. For n ∈ N∪ {ℵ0}, show examples of types with exa
tly n normal inhabitants.

4.4. Run the Ben-Yelles algorithm on the inputs:

(i) (p→ p) → p;

(ii) ((p→ q) → q) → (p→ q).

4.5. (Ben-Yelles) Show that it is de
idable whether a type has a �nite or an in�nite

number of di�erent normal inhabitants. Hint: Modify the proof of Lemma 4.2.3.

4.6. Observe that the proof of Lemma 4.2.3 makes it possible to a
tually 
onstru
t

an inhabitant of a given type if it exists. Show that the size of this inhabitant is

at most exponential in the size of the given type. Then show that the exponential

bound is best possible. That is, for every n de�ne a type τn of length O(n) su
h

that every normal inhabitant of τn is of length at least of order 2n
. (If you �nd that

too easy, delete the word �normal�.)

4.7. Re
all that the impli
ation introdu
tion rule in our natural dedu
tion system

Γ, ϕ ⊢ ψ
(I →)

Γ ⊢ ϕ→ ψ
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is understood so that Γ, ϕ abbreviates Γ∪{ϕ}. It may be the 
ase that ϕ ∈ Γ. In the

�traditional� proof notation this is expressed by the possibility of not dis
harging

the assumption ϕ. What will 
hange if we instead 
hoose the 
omplete dis
harge


onvention: When introdu
ing an impli
ation ϕ → ψ, dis
harge all o

urren
es of

the assumption ϕ?

4.8. De�ne pre
isely a natural dedu
tion 
al
ulus with labeled dis
harges (in the

style of Se
tion 4.3). Establish a bije
tive 
orresponden
e between 
losed λ-terms

and proofs in your system without free assumptions.

4.9. Let ϕ = τ1 → · · · → τn → p be an impli
ational formula and let p be the only

type variable o

urring in ϕ. Prove that ϕ is an inhabited type if and only if at

least one of the τi's is not inhabited.

4.10. (Statman) Let p be the only propositional variable, and let → be the only


onne
tive o

urring in a 
lassi
al propositional tautology ϕ. Show that ϕ is intu-

itionisti
ally valid.

4.11. (Pru
nal, Dekkers [126℄) A proof rule of the form

τ1, . . . , τn

τ

is sound for IPC(→) i� for every substitution S with S(τ1), . . . S(τn) all valid,

also S(τ) must be valid. Prove that if su
h a rule is sound then the impli
ation

τ1 → · · · → τn → τ is valid.

4.12. Write an inhabitant of type (p→ ¬p) → (¬p→ p) → ⊥.

4.13. Find inhabitants for the formulas in Example 2.1.3 in the extended 
al
ulus

of Se
tion 4.5.

4.14. Consider again Exer
ises 2.21�2.24. Give inhabitants for all the tautologies.

4.15. Prove that the simply typed lambda-
al
ulus extended with produ
t types,

pairs and proje
tions (no disjun
tion types or ⊥) is strongly normalizing.

4.16. Assume that the simply typed lambda-
al
ulus extended with disjun
tion

types, inje
tions and 
ase-statements has the strong normalization property. Prove

the SN property for the whole system of Se
tion 4.5 (Theorem 4.5.4).

4.17. How should the notion of η-redu
tion be generalized for sums and produ
ts?

4.18. Design a Chur
h-style 
al
ulus with ∧ and ∨ and show that subje
t redu
tion

property holds for that 
al
ulus for both beta- and eta-redu
tions

4.19. De�ne a Curry-style variant of lambda-
al
ulus with ∧ and show that the

subje
t redu
tion property does not hold for η-redu
tions.

4.20. Explain the di�eren
e between the above two results.


